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Summary

The compendium of community detection techniques has been significantly enriched in
recent years — including by the introduction of neural strategies for learning on graphs.
This research investigates these techniques for relational systems whose topology
evolves over time and whose nodes or edges may carry informative features. Although
neural models have demonstrated state-of-the-art performance for node-, link- and
graph-level prediction tasks, in applications such as recommendation systems, anomaly
detection, and protein design, their utility for node-level clustering — i.e., detecting com-
munities — warrants further investigation, particularly in temporal graph settings.

The motivation for this work stems from the need from diverse domains for robust
and scalable methods for mesoscale graph analysis, where community structure can pro-
vide insight into the organization and dynamics of complex systems. Departing from a
simple comparative question — can neural strategies outperform established baselines? —
it evolved into two complementary strands: a (i) mature algorithmic route, relying on
GPU-accelerated implementations of spectral and modularity-based algorithms; and (ii)
an ongoing neural route, focused on scalable architectures for node clustering in graphs
with high-dimensional features through differentiable graph-theoretic objectives.

This thesis is organized around the theoretical foundations and methodological con-
tributions needed to address such problem. Part I (Chapters 2 and 3) introduces foun-
dational temporal graph concepts and presents NetworkX-Temporal, a software library
for building, manipulating, and analyzing such graphs through a familiar and extensible
APL Part II (Chapters 4 and 5) addresses community detection and model evaluation,
comparing static and dynamic methods from descriptive and inferential perspectives
and presenting two methodological contributions: high-performance implementations
of spectral and modularity-based algorithms, integrated into the software library; and
TADC-SBM, a time-varying, attributed, degree-corrected stochastic block model gener-
ator for temporal graphs with known ground truths and community-aligned node and
edge features, used for principled benchmarking under controlled experimental settings.
Part III (Chapters 6 and 7) turns to machine learning on graphs, discussing neural com-
munity detection and presenting LMoN, a Longitudinal Modularity Network that opti-
mizes a continuous-time variant of modularity as an end-to-end differentiable training
objective, avoiding the post-processing clustering stage required by many methods.

The software and datasets introduced in this work have been made publicly available
to support reproducibility and further research in the area. Together, these contributions
advance the study of community detection in temporal graphs, combining software in-
frastructure, scalable algorithms, and neural methods grounded in graph-theoretic prin-
ciples and rigorous evaluation frameworks. This thesis concludes with a discussion of
the identified limitations and an outline of potential directions for future research.
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Chapter 1

Introduction

You think that because you understand ‘one’
that you must therefore understand ‘two’,
because one and one make two. But you
forget that you must also understand ‘and’.

SUF1 STORY, APUD DONELLA MEADOWS (2008)

Systems of interacting objects — networks — are often represented as graphs: mathe-
matical structures composed of nodes (vertices), connected among themselves by edges
(arcs). Numerous real-world structures can be depicted as graphs, both naturally occur-
ring — from simple molecules, with atoms as nodes and their chemical bonds as edges;
to entire food webs, with biological species linked by their predation relations — and
artificially formed — such as in railroad transportation, where train stations are linked
by rail tracks; or the World Wide Web, in which pages are connected by hyperlinks.
The mathematical study of such structures is the subject of graph theory, which pro-
vides a powerful framework for modeling and analyzing a wide range of phenomena.
Though the earliest recorded use of the word graph can be traced back to the 19th cen-
tury, the conception of the field is widely attributed to the 18th century instead, with
Euler’s seminal work on the Seven Bridges of Konigsberg (now Kaliningrad, Russia).
By modeling the city’s landmasses as nodes and the bridges connecting them as edges,
Euler discovered that no walk crossing each bridge exactly once could exist, a problem
later formalized as that of Eulerian paths and cycles [37], i.e., trails and circuits. This is
considered the founding event of graph theory as a mathematical discipline, paving the
way for network science to arise as the interdisciplinary study of complex systems and
their properties in various domains [114]. The terms system, graph and network will
hereon be used interchangeably without loss of generality, unless ambiguity arises.
Given a sufficiently complex system, understanding its function by analyzing individ-
ual components may prove an unfeasible task: unforeseen properties may emerge from
the interactions among distinct sets, which may not be readily apparent when consider-
ing elements in isolation. Likewise, its different parts may behave and evolve in varied
and unexpected ways: groups of nodes in the same network may display differing con-
nectivity patterns, both assortative (homophilic) and disassortative (heterophilic), form-
ing a number of communities characterized by distinct topological and/or attribute-based
properties, which may influence their generative mechanisms and evolutionary dynam-



ics. Uncovering such mesoscale structures becomes an increasingly onerous task as the
network grows in complexity, often requiring specialized methods and algorithms — an
often-elusive challenge that has spurred significant efforts across disciplines [42].

Such a task is commonly referred to as community detection in the network science
literature, and has formal connections to that of clustering on transactional (relational)
data [62]. Arguably one of its most central problems, whose lineage can be traced to
early matrix-based sociometry of the mid-2oth century [41, 89], it has since thrived as a
research topic and been continuously enriched by contributions from various fields, in-
cluding computer science, statistics, physics, and biology [53, 74, 81]. During this time, a
plethora of methods aiming to tackle the issue were introduced: from matrix decompo-
sition to greedy heuristics and inferential techniques, and more recently, artificial neural
networks optimized for modeling relational data — that is, graphs [44, 171].

However, static graph representations often fall short in modeling complex systems,
as they do not account for the temporal dynamics inherent to many real-world pro-
cesses. In fact, most natural and artificial systems are dynamic in nature: social inter-
actions evolve, transportation routes are modified, and biological processes unfold over
time. Further complicating matters, such networks are often attributed with node and
edge-level information, which provides additional context for understanding their inner
workings, but also poses additional challenges for their modeling and analysis. Without
accounting for such data, crucial insights into the underlying mechanisms governing the
behavior of complex systems may be overlooked, potentially leading to oversimplified
or misleading descriptions that may hinder a model’s ability to capture relevant pat-
terns and induce suboptimal performance in downstream tasks, e.g., forecasting future
interactions, detecting anomalous behavior, or recovering its hidden substructures.

This thesis mainly occupies itself with the latter — i.e., how to detect communities in
time-varying attributed graphs, relational systems where connections between elements
are not fixed over time, and whose elements are (optionally) associated with diverse fea-
ture sets. This problem is particularly challenging due to the intricate interplay between
temporal dynamics, topological structure, and attribute information, which are now cen-
tral to modeling complex systems across many real-world applications [102]. To tackle
it, this research followed a multi-step study (see Figure 1.1 toward the end of this chap-
ter for a schematic overview), leveraging recent advancements in GPU-based computing
and deep learning to introduce scalable strategies to extract community structure from
such systems at scale, together with software contributions to temporal graph modeling
and systematic evaluation on downstream tasks — altogether pursued in order to enable
answering the original question on how to improve the state of the art in this domain.

A ‘neural’ community is here defined as a set of nodes in a real-dimensional space,
clustered® together by a neural model optimizing a graph-theoretic objective — so as to
disambiguate it from groups obtained by algorithms applied directly to relational data,
e.g., spectral clustering, or by statistical methods that infer posterior distributions un-
der explicit generative assumptions, e.g., stochastic blockmodeling. Both strategies are
nonetheless employed throughout this study for several purposes, such as comparison
baselines, evaluation metrics, and model benchmarking. By addressing the described
problem, the goal is to contribute to the understanding of complex networks and their
dynamics, providing insights that may inform future research and applications.

'The terms cluster, community, module, and partition are often used interchangeably in the literature.
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This work is structured as follows. In the remainder of this introduction, the motiva-
tions and challenges behind this research are first substantiated, and the contributions
made throughout it are outlined. Even-numbered chapters (2, 4 and 6) present the back-
ground and key theoretical concepts this thesis engages with, particularly on temporal
graphs, community detection, and graph representation learning, which summarize the
state of the art from which this research departed. Odd-numbered chapters (3, 5 and 7)
present the novel contributions advancing each topic, including a software library for
building and manipulating temporal graphs and a temporal graph dataset with node-
level features; high-performance clustering algorithms and principled benchmarking
with synthetic graphs; and a neural network architecture for end-to-end differentiable
community detection on attributed graphs, respectively. Each part is connected by the-
ory and application, and remains sufficiently self-contained to be read independently.
This thesis then concludes by summarizing the main findings and limitations, connect-
ing it to previous discussions, and outlining potential avenues for future research.

1.1 Challenging motivations

Partitioning a network’s components into groups of nodes is not a trivial task. Although
a well-studied problem, with a rich body of literature exploring various methods and al-
gorithms, the definition of a community is itself contentious and context-dependent. The
task of their detection is often considered an ‘ill-defined’ or ‘ill-posed’ problem [44, 170],
as it does not have a unique, universal solution, and competing methods may encode dis-
tinct notions of community structure, not always comparable to each other [158].

In general, communities are frequently defined as groups of nodes more densely con-
nected among themselves than with the rest of the network — ‘birds of a feather flock to-
gether’ [108] — a definition that assumes assortative connectivity patterns, where nodes
preferentially connect to others with shared characteristics. However, it does not hold in
several instances: disassortative networks, where nodes preferentially connect to those
with differing features; overlapping (mixed-membership) communities, where nodes
may simultaneously take part in multiple groups with different degrees of affiliation;
or hierarchical structures, where communities are nested within larger groups, forming
a multi-level organization. In such cases, the simple definition of a community is void,
warranting alternative definitions and, consequently, more specialized methods for their
detection. Moreover, the presence of node and edge attributes increases the complexity
of the task, as communities may also be characterized by shared feature sets, rather than
solely by their connectivity patterns — while such features may not necessarily align
with the network’s topology and mesoscale patterns of connectivity, further complicat-
ing the endeavor [131]. Traditional methods for community detection, including widely
used ones such as modularity optimization and spectral clustering, struggle to capture
these nuances or simply disregard them altogether [135]. They also have inherent lim-
itations, such as the resolution limit [43] and sensitivity to disconnected components
[184], respectively, which hinder their applicability to many real-world scenarios.

Such challenges become even more pronounced in the dynamic setting, where com-
munities can grow or shrink, merge and split, or even vanish (and resurge) partially
or entirely at a later stage, either randomly or in a coordinated manner [38, 174]. Of-
tentimes, the objective may include tracking how these groups behaved or how their
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attributes changed over time, in which case a model may be required to identify and
preserve coherent community assignments throughout the network’s temporal evolu-
tion. This is often done in an ad hoc manner, e.g., by means of set similarity (Jaccard,
Dice, or intersection-over-union) [38], optimization heuristics [153], or mutual informa-
tion [39] — introducing additional complexity to the study of their dynamics, especially
in more fine-grained temporal scales. Modeling a network as discrete-time graph snap-
shots, or as continuous-time interaction events, leads to distinct algorithmic solutions
and methodological hardships [102] — in the former, intervals may be chosen based on
external knowledge, but arbitrary choices of window size and alignment must be made;
in the latter, event-based representations avoid arbitrary discretization, but may result in
less intuitive visualization and interpretation than snapshot-based representations, and
require more sophisticated techniques to handle the continuous nature of the data.

In both modeling choices, it is clear that the temporal domain introduces additional
analytical hurdles — for instance, to consistently identify and track communities, es-
pecially when changes occur at different paces. This is further compounded in graphs
where both topology and attributes are dynamically defined, requiring models to ef-
fectively integrate structural, temporal, and node- and edge-level data. Model selection
principles and the balance between performance, scalability, and computational costs re-
main central challenges when dealing with large networks — the latter causing models
to fall short in practical applications if unaddressed [100], and the former leading to the-
oretical inadequacy and analytical inconsistency if ignored [135]. This is especially im-
portant for high-risk and critical applications, where interpretability and explainability
are paramount, and measuring uncertainty and robustness is crucial for drawing reliable
conclusions from data and supporting informed decision-making processes [61, 132].

From network theory’s standpoint, then, there is ‘no free lunch’ [131] when it comes
to community detection, as is true for many optimization problems [189]. In other words,
there is no single method that can be considered universally optimal (for all domains)
— as soon as one method is shown to outperform another in a specific setting, it is
often at the expense of performance in other settings, making the choice of which model
to employ and the metrics to evaluate it best guided by the specific characteristics of
the data and the research problem at hand. Therefore, community detection is better
understood as a generalizable goal that may find correspondence with solutions from
different domains, fortunately resulting in a continuously enriched and interdisciplinary
compendium of techniques accrued from diverse research and application needs [45].

Among these, machine learning models quickly achieved state-of-the-art perfor-
mance in diverse downstream graph tasks, encouraging the exploration of their potential
and expressive power [200] for unsupervised clustering. Bridging the two literatures,
then — that of network science and artificial intelligence — seemed like the appropriate
step forward for scientific enquiry. The defining question of this research thus becomes
not merely whether and how novel neural approaches may be designed for node cluster-
ing, but under which assumptions, evaluation protocols, and computational constraints
their usefulness may be meaningfully assessed with respect to established methods. In
graph-theoretic terms, this amounts to asking what signed property should be assigned
to the edge connecting learning on graphs and community detection: positive, if both
fields benefit from their interplay; negative, if their goals are mutually exclusive; or nei-
ther, if orthogonal and unrelated in practice — a matter explored here throughout.
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1.1.1 Machines learning on graphs

The technical and technological leap of the last decade has allowed for the develop-
ment of sophisticated architectures and mechanisms for dealing with high-dimensional
data, particularly through the use of graphics processing units (GPUs), optimized for
parallelized computations and matrix operations. This has proven an effective strategy
for tasks such as node regression, link prediction, and graph generation — e.g., image-
guided brain disease diagnosis [203], identifying fraudulent actors in financial networks
[20], and discovering molecular compounds modeled as graphs, respectively [52].

Considering these advances, specialized architectures for learning on relational, non-
Euclidean data have made graph neural networks (GNNs) an avenue worthy of explo-
ration for node clustering tasks [97]. Such models obtain parametric mappings that
encode nodes, edges, or entire graphs into latent vector representations — embeddings
— where elements with similar structural or attribute-based properties are typically
mapped closer together in a real-valued space, according to an objective function. Neu-
ral communities may then be obtained either by clustering such embeddings, or by con-
straining the model’s output dimension to a predefined number of units and producing
assignment probabilities, usually through a normalized exponential function (softmax)
that maps real-valued vectors to a probability simplex [179]. Several families of meth-
ods have been proposed to capture information from relational data, including message
passing, attention-based and autoencoder-based models, physics-informed approaches,
and other architectural paradigms [207], as well as temporal extensions [102], which
can be adapted for community detection by optimizing graph-theoretic objectives such
as modularity or conductance, among other strategies [97]. In principle, these models
can jointly exploit topology, attributes, and temporal dynamics, potentially improving
the detection of communities when these sources of information are aligned; their appli-
cability to temporal community detection, however, remains underexplored compared
to other downstream tasks where they constitute the state of the art [100, 102].

Despite their potential, GNNs face several unique challenges. In multiple-layer ‘deep’
networks, propagated node representations can become indistinguishable, leading to a
loss of meaningful distinctions (oversmoothing); while in graphs with long-range de-
pendencies or bottlenecked connectivity, information from distant nodes may be com-
pressed into fixed-size representations, limiting the model’s ability to capture distant
interactions effectively (oversquashing) [211]. Their highly non-convex loss landscapes
[179] make training challenging, often resulting in suboptimal solutions: incorporating
temporal information introduces further complexity and interpretability barriers, and
commonly mechanisms such as memory, recurrent gates, or attention can increase ex-
pressivity, but do so at the cost of additional parameters and computational overhead,
which may hinder scalability on large graphs. Moreover, in contrast to settings where
large models can be pretrained on broad corpora and transferred across tasks, graph
models for community detection are often trained in transductive or dataset-specific set-
tings, making generalization across domains much less straightforward — and the lack
of standardized benchmarks and evaluation protocols further complicates their assess-
ment and comparison [124]. Assessing their limits remains nonetheless a crucial step
to understand their applicability, informing proper methodological design choices, and
identify potential areas of improvement — making the analysis of their performance a
central concern of this research and motivating a broader conceptualization question.
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1.1.2 Do electric sheep dream of communities?*

Despite the aforementioned challenges, the potential of neural community detection for
capturing complex patterns in temporal graphs remains substantial: it provides a flexi-
ble framework for incorporating distinct information signals and domain-specific con-
straints, including patterns that established methods may struggle to model at scale.
Within this scope, neural community detection refers to uncovering (disjoint or over-
lapping) node sets through an unsupervised® machine learning model for relational data
trained to optimize a graph-theoretic objective. Particular importance is given here to
the temporal case, where the underlying system topology varies over time, and the model
is required to account for such dynamics in order to produce coherent community as-
signments. This approach is appealing for real-world clustering tasks involving large
relational datasets — as exploiting structural, attribute-based, and temporal information
simultaneously may improve community detectability if the signals align [51, 112, 117].
While the lack of interpretability for high-dimensional relational data remains
a shortcoming for high-risk and critical sectors, explainable-by-design architectural
choices may help mitigate it. This motivated the neural strand of this research to
remain encoder-agnostic: the presented architecture can be integrated with various
embedding strategies, including message-passing, attention-based, autoencoder-based,
physics-informed, and other architectural paradigms. It may therefore be potentially
used in conjunction with interpretability-enhancing mechanisms for GNNs [202], to pro-
vide insight into the underlying community structures and their dynamics. Insofar as
many resulting partitions can be interpreted through latent block-model assumptions,
however, the advantages of neural strategies over principled approaches grounded in sta-
tistical theory remain unclear from a model-selection standpoint. Their appeal is instead
more directly connected to scalability on large-scale attributed graphs, where differen-
tiable objectives and GPU-oriented implementations may provide practical advantages.
This also means that their gains in scientific insight and interpretability may be limited,
which motivates this research to include principled approaches not only as baselines for
comparison, but also as alternative solutions, briefly discussed in the next section.

1.2 Motivating advancements

The central question of this research was whether neural networks can recover ground-
truth communities from dynamic graphs with node- and edge-level features as accu-
rately as established baseline methods. The answer proved to be negative under most
evaluated scenarios [145] — warranting, in turn, a more nuanced investigation into the
conditions under which neural methods are useful for community detection in temporal
graphs, and how their performance compares to that of algorithmic approaches — the
latter particularly relevant both from efficiency and principled evaluation standpoints.
Addressing this revised goal required tackling three interconnected challenges: (i)
software infrastructure for modeling and representing dynamic graphs; (ii) scalable al-

>0f what kind? — Artificial neural networks are often compared metaphorically to biological brains
due to their ability to learn from data, sometimes also displaying ‘hallucinatory’ or ‘dream-like’ states.

3 Although this research focuses on unsupervised methods, ML literature includes supervised methods
with neural network architectures under the guise of community discovery, community search, &c.
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Figure 1.1: Research schematic, with methodological milestones and contributions. The upper
trajectory summarizes the algorithmic and neural objectives, while the lower trajectory shows
the software and evaluation infrastructure developed to support them. Revised from [148].

gorithms for community detection, together with principled benchmarks for their eval-
uation; and (iii) the design and implementation of a neural community detection model
for continuous-time temporal graphs. Each corresponds to a self-contained part of this
thesis, connected by theory and application. Their presentation order prioritizes narra-
tive flow; nonetheless, care was taken so that each chapter remains self-contained and
contextualized within preceding work, so they may be read independently. Next, each
contribution is briefly outlined, and discussed in detail in the respective chapters.

1.2.1  On temporal graph structures and data

The first challenge concerned new software infrastructure for temporal graph modeling.
Initial experimentation highlighted the need for a standardized way to handle and
convert datasets across diverse formats, eventually leading to the development of
NetworkX-Temporal [128]: a library extending the widely used NetworkX framework
[65] to dynamic graph structures. The library supports discrete- and continuous-time
representations, provides functions to build, generate, slice, analyze, draw, and convert
temporal graphs, and is interoperable with several graph-based libraries, enabling inte-
gration with existing workflows. It has seen encouraging adoption since its first public
release, subsequently employed to support research on, e.g., information flow in phys-
ical production systems [180] and cross-species ecological interactions [14] — as well
as on graph learning and downstream node clustering with time-augmented topologies,
the latter of which is a direct application of this research, discussed in Section 3.2.
Alongside the library, this research extends a graph dataset derived from the PubMed
citation network [113], a common benchmark in graph representation learning, by
adding edge-level temporal data while preserving node-level features [146]. This allows
the evaluation of community detection models to be extended to a real-world setting
with temporal dynamics. It was used in the initial stages of this research to test whether
augmenting static graph learning models with topological temporal information was
beneficial for graph clustering, which showed limited gains in performance at higher
computational cost and motivated the study of a more scalable approach.



1.2. MOTIVATING ADVANCEMENTS 14

The theoretical background on temporal graph theory supporting these contributions
is presented in detail in Chapter 2. The software library and temporal graph dataset are
discussed in Chapter 3, together with usage examples in two applications: a machine
learning pipeline based on deep autoencoders (Section 3.2.1) and a simulation of dynamic
processes in production systems (Section 3.2.2) modeled as temporal graphs.

1.2.2 On algorithmic clustering and benchmarks

The second challenge concerned the efficiency and efficacy of community detection
methods for temporal graphs, together with the means for their principled evaluation.
Addressing the former, this research produced high-performance GPU implemen-
tations of spectral clustering and modularity optimization on unattributed temporal
graphs. The presented methods allow but do not require coarse snapshot discretiza-
tion — avoiding the need for predefined aggregation windows that may introduce in-
formation loss or analytical artifacts through arbitrary choices of window size, unless
desired for specific purposes (e.g., for daily or weekly aggregation of interactions). The
implementations rely on CuPy and the NVIDIA RAPIDS ecosystem, and are based on
an asymptotically optimal method for community detection on graph spectra [152], im-
plemented for single-GPU execution, and on a fast state-of-the-art greedy algorithm for
supra-graph modularity optimization with multi-GPU support [111, 176], respectively.
The resulting implementations are integrated with NetworkX-Temporal through a
zero-code-change interface, allowing easy switching between CPU and GPU backends.
Empirically, speedups of up to three orders of magnitude over the temporal CPU-based
implementation were observed, depending on graph density and number of snapshots.
For large-scale networks, with millions of nodes and/or edges, this represents a change
in tractability: while CPU-bound temporal modularity maximization [176] incurred pro-
hibitive runtime costs until convergence to locally optimal solutions during tests, the
GPU-based implementation completed the same task within reasonable runtime lim-
its, enabling the clustering of large temporal graphs that were previously impractical to
handle. Such implementations may support applications in recommendation systems,
environmental science, trajectory and mobility analysis, and other domains where large
volumes of relational temporal data must be explored efficiently [1, 57, 206]. Another
envisioned application is to obtain initial node assignments for algorithmic or neural
models, e.g., based on label propagation or semi-supervised learning — while still allow-
ing community evolution to be tracked over time, since community indices are preserved
across time steps as a natural consequence of constructing a temporal supra-graph [111].
Assessing such methods, in turn, calls for suitable benchmarks. The lack of appro-
priate benchmarks and evaluation protocols has long been a research hurdle for the
evaluation of models for learning on graphs, and is particularly pronounced in dynamic
settings [99]. Without standardized datasets and controlled experimental settings, it is
challenging to compare the performance of different methods or assess their general-
izability. This difficulty is further compounded by the scarcity of real-world temporal
graphs with ground-truth structures and community-aligned attribute features [124].
To address this gap, this thesis introduces TADC-SBM [129], a time-varying, at-
tributed, degree-corrected stochastic block model generator for synthetic graphs with
community-aligned node and edge attributes. It allows the generation of synthetic
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graphs with known community structures and hierarchical feature sets, where edges are
sampled from a distribution parameterized by node degrees and community affiliations,
and nodes are assigned feature vectors sampled from multivariate Gaussian distributions
centered around community-specific means. Temporal dynamics are modeled through a
Markovian process, where nodes may transition between communities over time based
on their initial hidden affiliations or their current memberships. The implementation
is flexible enough to accommodate network properties such as degree heterogeneity,
nested structures, community stability (slowly evolving, rapidly changing, or stationary
communities), and the alignment of structural, attribute-based, and temporal signals.

Chapters 4 and 5 respectively present the theory and methodological advancements
here outlined. Throughout this thesis, synthetic graphs generated with TADC-SBM are
used to evaluate models for community detection under controlled experimental set-
tings, with properties commonly observed in real-world networks, such as scale-free
(power-law) and Poisson-like degree distributions — providing a principled framework
for assessing models for community detection and graph learning tasks, which addresses
an identified lack of appropriate datasets [99, 123, 131] for model benchmarking.

1.2.3 On neural community detection

The third and final challenge concerned the design of a neural model for community de-
tection in temporal graphs, returning to the question from which this research departed.

Toward this end, this research introduces the Longitudinal Modularity Network
(LMoN), a GNN architecture that integrates structural, attribute-based, and temporal
information by optimizing a recently introduced variant of temporal modularity [10].
LMoN builds on Deep Modularity Networks (DMoN), an end-to-end differentiable strat-
egy for community detection in static graphs, while extending its objective to the tem-
poral setting [179]. Following the same principles, the model is designed to preserve
the ‘best-in-class’ scalability properties reported for DMoN, while integrating temporal
dynamics in an encoder-agnostic manner to allow the use of various embedding strate-
gies. Interactions are modeled as a sequence of time-stamped edges, and temporal de-
cay is modeled by a Hawkes-inspired function [72] that reweights pairwise interaction
strengths based on their recency and historical influence, allowing the model to distin-
guish persistent structure from transient events and obtain coherent community assign-
ments for last observations. LMoN also optimizes a differentiable graph-theoretic objec-
tive directly, producing community assignments without an additional post-processing
clustering stage, and recovers the static modularity-based objective in the absence of
temporal coupling. A smoothness and regularization terms in its loss function encourage
temporally stable community assignments and balanced cluster sizes during training,
while a separate optimizer considers the negative log-likelihood of the event sequence
under the Hawkes process, so it remains architecturally decoupled from the community-
based objective for flexibility with respect to other temporal encoding strategies.

A separate contribution incorporated into LMoN is the spectral relaxation of lon-
gitudinal modularity with mean-membership link expectation, optimized end-to-end
through sparse matrix operations and rank-one normalization. The original formulation
[10] is algorithmic and does not provide an end-to-end differentiable learning objective;
its differentiable relaxation is therefore a key step toward avoiding the post-processing
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clustering stage required by many neural methods for temporal community detection.
Beyond its use within the neural model, it may be of interest to other applications requir-
ing a descriptive [135] mesoscale view of structure in continuous-time temporal graphs.

The current implementation allows multi-GPU training and relies on the Tensor-
Flow/Keras ecosystem. Comparability is prioritized by keeping architectural and train-
ing choices close to the baseline, so that observed differences can be more directly at-
tributed to the temporal extension. Planned extensions include a PyTorch implementa-
tion, following recent work extending DMoN to this framework [101, 154], and further
experimentation with distinct encoders for more expressive embedding strategies.

The final Chapters 6 and 7 discuss the theory and methodological advancements in
this neural strand. Evaluation focuses on static-versus-temporal comparison and is per-
formed on several datasets: consistent with the no free lunch principle, its advantage
is limited to cases where spatio-temporal and attribute signals align and scalability re-
quirements dominate, rather than as a universal gain. On static graphs, LMoN recovers
DMoN as a special case, and attains better or comparable performance on the temporal
graphs examined, on both label-based and structural graph metrics. It therefore yields
a consistent clustering objective under assumptions of assortativity [116, 205], with the
added benefit of temporal coherence, which may be relevant for applications where the
detection of dynamic or evolving community structures is of particular interest.
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Part1

Temporal Networks

Oh, would that my mind could let fall its
dead ideas, as the tree does its withered leaves.

ANDRE GIDE, APUD JUDEA PEARL (1988)






Chapter 2

Temporal Graphs

A dynamic or temporal graph G := (V, £) consists of temporal node and edge sets )V and
&, whose elements may be associated with static or dynamic attributes [75]. Formally,

Vi={(v,z,) |veEV, ,(t) € R%, tecRT } (2.1a)
E = { (vi,v,7e): | vi,v; €V, z.(t) € R%, t € RT }, (2.1b)

where v; and v; are source and target node identities, and ¢ is the interaction time within
the temporal domain R, generally assumed as non-negative. The optional node and edge
attributes x, and z. may be time-dependent, with dimensions d, and d., respectively.

This broad definition includes various types of temporal graphs, such as contact-
sequence graphs, where edges represent instantaneous interactions at specific times-
tamps, and interval graphs, where edges carry attributes like travel time along with
explicit start and end times [79, 106]. The order |V| and size |€| of a temporal graph
correspond to the cardinality of temporal node and edge occurrences over the entire
temporal domain. Unless otherwise specified, the degree of a node is here understood
in its aggregated sense, i.e., as the total number of its incident connections across time.

Edges in a graph may be directed or undirected — in the former case, (v;, vj, z.) € €
does not imply (v;,v;, z.) € €. Graphs with multiple parallel edges between the same
node pairs are referred to as multigraphs, such as those with time-stamped repeated
interactions. Graphs whose nodes or edges are partitioned into subsets representing
distinct types of relationships are known as multilayer graphs, with multiplex graphs as
a common special case; snapshot-based temporal graphs may also be represented in this
way by treating each time step as a layer. A mapping from multigraph to a multilayer
representation is obtained by assigning each edge type, timestamp, or interval to a dis-
tinct layer, and vice versa; while the union of all layers is understood as the supra-graph.

This work focuses on graphs of the attributed and temporal kind, also referred to
as time-varying attributed graphs [16]. Modeling them requires careful consideration
of how time is represented and how it impacts the graph’s structure and dynamics.
The underlying data structure used to store temporal information in computer mem-
ory significantly influences data processing, algorithmic complexity, and neural archi-
tecture design. These representations are typically categorized into two broad families:
snapshot-based or discrete-time and event-based or continuous-time temporal graphs.
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EE(O,O, to, 1)
Edge addition event

Ee(0,0, tl? 1)
Edge addition event

EE(O,O, t27 _1)
Edge deletion event

Figure 2.1: A temporal graph represented as three snapshots, with arrows indicating edge ad-
dition (in green) and deletion (in red) events. The neighborhood of the blue node changes over
time, illustrating how aggregation over an interval of At = 2 merges distinct interaction states
and induces information loss, which event-based representations such as adjacency lists avoid.

2.1 Temporal graph representations

To represent dynamic systems, it is common to distinguish between discrete-time and
continuous-time models, each with its own advantages and trade-offs regarding data
handling, computational efficiency, and the ability to capture temporal dynamics [85].
Although both representations aim to model evolving networks, the ways in which
they encode temporal information differ, as well as the granularity with which they
capture changes in the graph structure. Figure 2.1 illustrates their differences. The two
methods require careful consideration of the temporal resolution, as it directly impacts
the granularity of the representation and the model’s ability to capture relevant temporal
patterns, introducing further complexity to model design and implementation. Details
and notable implications for temporal graph learning tasks are briefly discussed next.

2.1.1 Discrete-time temporal graphs

A discrete-time temporal graph (DTTG), or snapshot-based graph, represents a network
as a sequence of static graphs, typically obtained by aggregating temporal events, i.e.,

fi:G—=Gp={G =(V,,E,)|teN}, (2.2a)
‘/t = { (U7$U> ’ (vaxv)t eV }7 (2~2b)
Ey = { (vi,v;,xe) | (vi,vj, ) € E }. (2.2¢)

Each snapshot G; € Gp consists of the node and edge sets V; and E;, whose elements
may be attributed with node-specific and edge-specific features z, and x., respectively.
In this representation, time progresses in discrete steps, ;11 = t; + 1, where graph
snapshots capture the system’s state over a predefined period or aggregation interval
[ti, ti11). Snapshots are typically generated either by dividing the temporal domain into
fixed interval windows, or by choosing an arbitrary number of bins to slice the graph.
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While discrete-time representations allow for an intuitive analysis of the temporal
domain, they require additional preprocessing choices to determine an appropriate bin-
ning strategy, with trade-offs [85] involving window size, event alignment, and whether
intervals should be defined by fixed duration or comparable levels of node/edge activity.
Fixed-duration windows may result in unevenly distributed data across intervals, while
fixed-count binning may obscure temporal dynamics if bins do not align with the empir-
ical distribution of events. This may occur, for instance, when data collection procedures
or seasonal effects introduce periodic patterns that are missed by arbitrary binning.

In DTTGs, adjacency matrices are commonly used to represent connections in each
snapshot, facilitating the application of traditional graph algorithms and neural network
architectures for static graphs. However, this approach can lead to information loss due
to the aggregation of events within fixed time intervals, which may obscure the precise
timing and sequence of interactions (Figure 2.1). Despite this limitation, DTTGs remain
widely used in temporal graph research, particularly in community detection [149], due
to their compatibility with established methods and overall ease of implementation.

2.1.2 Continuous-time temporal graphs

A continuous-time temporal graph (CTTG), also referred to as an event-based graph,
captures the precise timing of node interactions by recording individual events as they
occur over time. It corresponds to the output of a function f. mapping the temporal
graph G to a set of time-stamped node- and edge-level events £ and £¥, respectively:

£.0G = Go = (gngE)’ (2.3a)
gV = {511 = (Uaxvatmdv> ’ veV, z, € Rdv? ty € R* }7 (2.3b)
gE = {ge = (Uiavjaxeateaée) | Vi, Vg € ‘/a T € Rdea te € R+ } (2'3C)

Here, ¢, and ¢, represent node and edge events, respectively, active from start times ¢, ¢,
for intervals d,, . > 0. Alternatively, ) may be used as a signed indicator § € {+1, —1}
to denote addition (+1) or deletion (—1) events, or omitted depending on the application.
A fine-grained temporal resolution allows CTTGs to capture temporal patterns that
may be lost in discrete-time representations, for instance, when aggregating events into
fixed intervals removes information about the order and timing of interactions [85].
When the event stream preserves all node and edge events, a mapping f. : Go — G
can reconstruct the corresponding temporal graph structure without information loss.
Due to their event-based nature, this representation foregoes dense adjacency matri-
ces in favor of interaction sequences or time-indexed adjacency lists. This enables batch
processing in which computational cost scales with the number of edge-level events,
|EF|, rather than with all (recurring) edges 3, |E;| (Eq. 2.2), depending on the algo-
rithm. As a result, CTTGs offer greater scalability, particularly for large sparse networks.
Such representations are increasingly found in the temporal graph learning literature
[63, 151, 191], and are especially relevant for higher-order or causally informed tempo-
ral modeling tasks, such as those involving higher-order De Bruijn graphs [32, 142].
Overall, while DTTGs are a convenient and widely used representation, CTTGs pro-
vide a powerful framework for working with temporal graphs — although not without
modeling and implementation challenges, as maintaining fine-grained temporal resolu-
tion increases the complexity of data handling and some algorithmic implementations.
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2.1.3 Higher-order temporal graphs

Additional representations have been used to model time-varying relational data, some
extending beyond dyadic graph topologies to capture higher-order (n-ary) relations.

Resembling a DTTG-like representation, supra-adjacency matrices encode temporal
information by stacking per-snapshot adjacency matrices into a single data structure,
with off-diagonal blocks capturing inter-snapshot connections. Although not a higher-
order structure by definition, this representation allows the application of spectral meth-
ods (thoroughly discussed in the next section) and graph learning models to temporal
data by encoding temporal dependencies as inter-snapshot couplings [51, 111], with ap-
plications to clustering (see Chapters 5 and 7) in algorithmic and neural contexts.

Distinct from these, De Bruijn graphs [32] encode sequences of symbols or events
by representing length-k subsequences (or k-mers) as nodes, with directed edges con-
necting pairs of nodes depending on whether the suffix of one matches the prefix of the
other over £ — 1 symbols (e.g., ABC — BCD for & = 3 through their shared substring
BC). Such representation provides an expressive graph-based way to model higher-order
dependencies in temporal sequences, and has been used by graph neural networks to
capture sequential patterns and infer causal relationships in temporal data [142].

Beyond dyadic structures, collective behavior in temporal data may be modeled using,
e.g., simplicial complexes' and hypergraphs [6]. Temporal hypergraphs extend the latter
by allowing hyperedges to connect multiple nodes in a time-resolved manner, providing
explicit and potentially parsimonious topological encodings of group interactions that
evolve over time [49]. At the same time, more recent work emphasizes that higher-order
behavior should not be inferred from hypergraph parametrizations alone, since graph-
based models may also define multivariate, potentially nonlinear interaction functions
over node neighborhoods [136]. As in the distinction between CTTGs and DTTGs, the
choice between graph-based, hypergraph-based, and related representations should be
justified by the observed event structure, modeling assumptions, or empirical gains in
parsimony and predictive performance [204]. Although they fall outside the scope of this
thesis, these structures provide rich frameworks for modeling multi-body interactions:
their study remains an active research topic in network science and machine learning
[98], with applications ranging from recommendation systems to complex system mod-
eling, and potential for further exploration in temporal graph clustering tasks.
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Figure 2.2: Network representation models. From left to right: a pairwise graph, a graph and its
simplicial k-complexes (k=2 in red and k=3 in blue), and a hypergraph are shown.

'See Figure 2.2. — A simplicial complex is a collection of simplices closed under inclusion: if a simplex
belongs to the complex, then all of its faces also belong to it. A k-simplex contains & + 1 vertices. It is a
stricter structure than a hypergraph, as hyperedges do not imply the presence of all lower-order faces.
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2.2 Spectral graph properties

Spectral theory studies the eigenvalues and eigenvectors of matrices associated with a
graph — most commonly the adjacency matrix A and its Laplacian L. In static networks,
these spectra underpin a broad family of clustering and embedding methods, and char-
acterize diffusion, synchronization, and information propagation dynamics [24, 116].
For temporal networks, the time dimension may be incorporated into spectral rep-
resentations in several ways. For instance, a supra-adjacency matrix may be obtained
from a set of per-snapshot matrices, a common construction for temporal community
detection [111]. More generally, distinct operators may be defined to encode spatial and
temporal dependencies, with the spectrum of the resulting matrix providing insight into
the detectability thresholds of the community structure in the temporal setting [51].
This section introduces spectral operators (Section 2.2.1), extends them to the tem-
poral setting through supra-graph constructions (Section 2.2.2), and discusses the limits
when community structure can be recovered in known sparse regimes (Section 2.2.2),
providing the theoretical foundations for the clustering methods in Chapters 5 and 7.

2.2.1 Spectral operators and clustering

Let A = (A;;) € {0,1}VIxIVl be the adjacency matrix of a simple, undirected, un-
weighted graph G = (V, E), and let D = (D;;) be its diagonal degree matrix, where
D;j = < vev and L=D-A, (2.4)
0 otherwise,

that is, the combinatorial Laplacian L of a graph is equal to the degree matrix minus the
adjacency matrix. Note that, for directed graphs, A is not necessarily symmetric, and
D may be defined from in-degrees, out-degrees, or its symmetrized version; while, for
weighted graphs, entries of A encode pairwise interaction strengths, i.e., edge weights.

Because node degrees vary widely in real-world networks, L is often normalized to
reduce the influence of degree heterogeneity and to bound its eigenvalues within a fixed
range, avoiding the localization of eigenvectors on high-degree nodes, which generally
improves the stability and performance of spectral clustering methods [24, 184].

For simple graphs without isolated nodes, the normalized Laplacian is defined as

1 ifi =jandd; # 0,
L=D:LD 3s=1{— - if i # j and ('Ui,'Uj) S (2.5)
(Ad]
0 otherwise.

This scaling transformation can also be applied to adjacency matrices, yielding degree-
normalized operators with balanced spectral properties [22, 188]. Similar definitions ex-
ist for graphs with different properties, such as directed or weighted graphs. The related
random-walk Laplacian, L,,, = D™'L = I — DA, is often used when a Markov-
chain interpretation is desired [184]. For undirected graphs without isolated nodes, L
and L,,, are similar matrices and have corresponding eigenvalues, with eigenvectors
related by degree scaling. For spectral clustering, the resulting embeddings are often
row-normalized post hoc, particularly in the presence of degree heterogeneity [184].
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Clustering on graph spectra

Spectral clustering embeds nodes through the k eigenvectors associated with the small-
est eigenvalues of I:, stacked as the rows of a matrix U € R™**. The rows of U are then
typically normalized and treated as points in R*, where a clustering algorithm, such as
k-means, groups nodes based on proximity in the embedding space [118].

Cheeger’s inequality relates the second-smallest eigenvalue of L to the conductance
of a graph, a measure of the edge boundary of a subset relative to its volume [24, 196].
It is closely related to the normalized cut objective, whose spectral relaxation is mini-
mized by the same family of Laplacian eigenvectors. Through the eigendecomposition
L = UAUT, the eigenvector associated with the second-smallest eigenvalue provides a
relaxed solution to the bipartitioning problem; thresholding or sweeping over this vec-
tor yields candidate cuts with low conductance, e.g., by sorting its entries and evaluating
the conductance of each prefix. In contrast, spectral modularity methods use the leading
eigenvectors of the modularity matrix to optimize (by maximizing) a relaxation of the
modularity objective?, yielding partitions governed by a different quality criterion.

A common strategy for spectral clustering is to minimize normalized cut [162], which
favors partitions with small boundary size relative to community volume, defined as

i cut(C;, C;) -
NCut(Cl, o ,Ck) = Z TZC"')Z7 CUt(Cz‘, Cz) = Z A, (2.6)
= v uECi,vgéCi

where vol(C;) = > .
and cut(C;, C;) is the number of edges between C; and its complement Cj.

The k smallest eigenvectors of L provide a relaxed solution to the normalized cut
problem [162]. The symmetric normalized Laplacian L has its spectrum contained in
[0, 2], while the random-walk Laplacian L,., shares the eigenvalues of L and admits a
Markov-chain interpretation. For undirected graphs without isolated nodes, the eigen-
vectors of L, correspond, up to degree scaling, to the relaxed cluster-indicator vectors
used in normalized spectral clustering [184]. Analogously, the leading eigenvectors of
the modularity matrix optimize a relaxation of the modularity objective as well [116].

Minimizing the ratio cut® [66] instead weighs partitions by node set cardinality |C;

d,, that is, the sum of degrees of nodes in the community Cj,

B

k; —
t(Cs, C;
RCut(Cy,...,Cp) = Y % (2.7)
i=1 v

thereby favoring partitions that are balanced in terms of node count. Its spectral re-
laxation is solved using the eigenvectors of the unnormalized Laplacian L. For graphs
with substantial degree heterogeneity, normalized objectives may be preferred because
they account for node volume rather than only node cardinality; equivalently, one may
work with the symmetric normalized Laplacian L or the random-walk Laplacian Ly,
For graphs without isolates, L and L,,, are similar matrices, L,,, = D~'/2LD'/2, and
therefore share the same eigenvalues, with eigenvectors related by degree scaling [184].

*See Chapters 4 and 5 for discussions on spectral modularity and its temporal extensions [10, 111, 116].
3Sometimes referred to as a balanced cut. Note that ratio cut is biased toward partitions with balanced
community sizes, while normalized cut is biased toward partitions with balanced edge volume instead.
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Both ratio cut and normalized cut are non-deterministic polynomial-time (NP)-hard
in their discrete forms, as many other graph partitioning problems [115]. Their continu-
ous relaxations reduce to eigenvector problems on the unnormalized (L) and normalized
(L or L,,,) Laplacians, respectively. These problems can be approximated using iterative
eigensolvers, such as Lanczos or related Krylov subspace methods, which scale well to
large sparse* graphs [184]. However, convergence depends on the relevant eigengap,
e.g., Tk = |Akr1 — k|, where Ay and A,y are consecutive eigenvalues of the Laplacian.
Small eigengaps can slow convergence and make the resulting eigenspaces less stable,
yielding poor approximations and suboptimal partitions. Moreover, disconnected com-
ponents require additional care, since the multiplicity of the zero eigenvalue equals the
number of connected components; in practice, spectral clustering is often applied sepa-
rately to connected components or after preprocessing the graph accordingly [184].

Lastly, note that the same eigenbasis underlies spectral graph learning. A node signal®
x can be projected to the spectral domain as x = U x, so a spectral filter ¢(-) acts as

y =Ug(A)U'x. (2.8)

Since explicitly forming U is costly, practical models often approximate the filter, as in

K
go(L) = > w LF, (2.9)
k=0

which is K -localized and aggregates information from K-hop neighborhoods without
an explicit eigendecomposition, corresponding to a degree- K polynomial of the Lapla-
cian. Chebyshev polynomial filters [33] and Lanczos approximations [95], as well as
graph convolutional networks (GCNs) [84], are examples of such localized spectral con-
structions. These provide part of the background for the graph neural networks revisited
in Chapter 6, and extended to the attribute-aware temporal setting in Chapter 7.

2.2.2 Temporal graph spectra

For temporal (multilayer or multiplex) graphs, block-structured supra-adjacency or
supra-Laplacian matrices may be assembled from per-layer adjacency matrices [27, 85].
This produces a single supra-graph with temporal couplings, enabling community
detection and identity-preserving tracking within a joint decomposition [111]. Assum-
ing a common set of n node identities across snapshots, this construction stacks the
snapshot matrices on the block diagonal and links each node to its time-adjacent copies
through off-diagonal identity blocks weighted by an inter-slice coupling parameter w,

A LI 0 - 0
oI A® o1 ... 0
AP — 0 wI  A® : , (2.10)
: : . . owl
0 0 e wl A

4See Chapter 5 for an example with spectral modularity. — Because they require only matrix-vector
products and can exploit the sparsity of A or L, without computing a full eigendecomposition [184].

5This operation is the graph analog of Fourier-domain filtering: eigenvectors define graph frequencies,
while g(A) determines how strongly each frequency component contributes to the output signal.
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where A® is the adjacency matrix of snapshot ¢, I € R™*" links each node to its tempo-
ral copies, and w controls the strength of temporal coupling between adjacent slices. The
corresponding supra-Laplacian L*"P™ follows from the usual degree-minus-adjacency
construction of A*"’"™ — employed, e.g., for multislice modularity optimization [111].

This construction is general but costly: A®"*™ has dimension n7" x nT’, so the cost of
spectral decomposition grows with both the number of nodes and the number of snap-
shots. Although the matrix remains sparse, as nonzero entries arise only from intra-slice
edges and time-adjacent inter-slice couplings, sparse storage and iterative eigensolvers
are essential for scalability. However, Laplacian-based spectral methods are known to
fail in networks where spatial and temporal signals are weakly correlated [51].

A principled alternative is obtained by linearizing belief propagation around the
uninformative fixed point [51]. In static graphs, this leads to the non-backtracking
(Hashimoto-type) operators that propagate information along directed edges while sup-
pressing immediate backtracking (i.e., returning to the previous node) paths. The tem-
poral extension couples spatial and temporal propagation in a block operator, yielding

AA®) —\I AA®) 0
AD® -1) 0 AD® 0

Bnb - nA(t) 0 77A(t) _,’71 ) (2'11)
nD® 0 »nD®-I) o0

where eachof A®, A® DG and DM is an nT xnT matrix. Here, A® = D, A® isthe
block-diagonal intra-slice adjacency matrix, A (") is the inter-slice adjacency matrix con-
necting each node to its time-adjacent copies (with block-diagonal identities weighted
by 1), D®) and D® are the corresponding diagonal degree matrices, and I is the n7-
dimensional identity. The scalar A = (¢ — cout)/(k, ¢) is the second eigenvalue of
the spatial label-transition matrix, with ¢, and ¢, denoting the average within- and
between-community connection rates, k£ the number of communities, and c the aver-
age degree. It controls attenuation of community information along spatial edges, while
n € [0, 1] controls attenuation along temporal edges by governing the stability of node
labels across consecutive snapshots. Together, A and 7 yield a richer temporal model
than one based solely on an inter-slice coupling w, with the effective signal-to-noise
ratio cA\? and the temporal stability 7 determining the detectability transition [51].

Although the resulting matrix B,), has dimension 4n7T" x 4nT, it is also critically
sparse, since many of its blocks are degree, identity, or zero-valued matrices. The con-
struction is intentionally asymmetric (direction-aware), and its non-backtracking struc-
ture mitigates the localization effects that affect Laplacian eigenvectors in sparse graphs,
allowing its eigenvectors to remain informative closer to the detectability threshold. The
k — 1 eigenvectors associated with the largest-magnitude eigenvalues outside the unin-
formative bulk can be used to obtain embeddings for temporal nodes, clustered in R¥~!.

More fundamentally, Laplacian-based operators often fail in sparse regimes where
an effective signal-to-noise ratio approaches a critical threshold, while non-backtracking
operators remain informative closer to this limit [51]. Because this non-backtracking op-
erator is generally non-symmetric, practical implementations often rely on symmetric
alternatives with related spectral information, such as the Bethe-Hessian [152], as dis-
cussed in the contributions of Chapter 5. The next section formalizes the detectability
of communities in temporal graphs and introduces the operators that attain it.
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Symmetrization and the Bethe-Hessian operator

In sparse stochastic block models (SBMs), i.e., generative models with (planted) node
groups whose edge probabilities depend on group memberships, there is a fundamen-
tal detectability threshold below which no algorithm can recover community structure
better than chance in the large-graph limit (n — c0) [51]. In the static case, this limit
is governed by the community signal A\ = (¢;, — cout)/(k, ¢), where ¢;,, and ¢,y are the
average within- and between-community connection rates, & is the number of commu-
nities, and c is the average degree. The corresponding effective signal-to-noise ratio is
c\?, where ) is the second eigenvalue of the label-transition matrix; and the detectability
transition occurs at the Kesten-Stigum, or Almeida-Thouless, bound cA? = 1 [51].

In the temporal case, a second parameter enters: the community stability rate n €
[0, 1], which dictates the probability with which a node retains its community label (stays
in the same community) between consecutive snapshots. When 7 is high, temporal per-
sistence reinforces the community signal across time; as 7 decreases, temporal noise
weakens this persistence and increases the amount of spatial signal required for reliable
recovery. When labels become temporally uncorrelated, temporal coupling no longer
provides useful information beyond what can be recovered from individual snapshots.
The detectability of dynamic communities therefore depends jointly on A and 7 [51], the
same parameters that control the synthetic benchmarks introduced in Chapter 5.

Ordinary Laplacian spectra generally do not attain this limit in sparse regimes, since
their informative eigenvectors may localize around high-degree nodes before the de-
tectability threshold is reached. Non-backtracking operators thus mitigate this local-
ization by propagating information along directed edges while suppressing immedi-
ate backtracking paths, allowing their eigenvectors to remain informative closer to the
threshold. Linearizing belief propagation around the uninformative fixed point yields a
non-backtracking-type operator, and in temporal graphs the corresponding block con-
struction introduces spatial and temporal attenuation parameters governed by A and 7.

However, the non-backtracking operator is by construction non-symmetric, which
complicates its numerical treatment and limits the applicability of standard eigensolvers.
In the static case, a symmetric alternative is given by the Bethe-Hessian operator,

H(r)=(r* - 1)I -rA +D, (2.12)

whose informative eigenvectors are associated with negative eigenvalues and corre-
spond to informative directions of the non-backtracking matrix [152]. At r ~ /c, the
number of negative eigenvalues of H(r) estimates the number of communities [88] un-
der SBM and degree-corrected SBM regimes, and the corresponding eigenvectors may
be used to recover community structure if cA? > 1, yielding a computationally efficient
method that attains the detectability limit in sparse graphs with planted communities.
Beyond detection, inferential temporal block models can estimate or control the pa-
rameters governing community signal and temporal stability, thereby generating tem-
poral graphs with planted communities that evolve at prescribed rates. This principle
underlies the synthetic benchmarks used throughout this thesis. Such benchmarks make
the detectability transition empirically observable: across the experiments reported in
Chapters 5 and 7, well-tuned spectral and inferential methods were not consistently
outperformed by neural models on real-world or synthetic temporal graphs [129, 145] —
thereby motivating efficiency, rather than accuracy alone, as a central design objective.






Chapter 3

Dynamic Graph Modeling

In real-world networks, interactions between entities are rarely fixed — rather, they un-
dergo continuous changes as the system functions, due to distinct temporal dynamics.
For instance, relationships in a social network form and dissolve over time; informa-
tion flow in communication networks fluctuates depending on time of day and day of
week; and biological responses vary depending on endogenous and exogenous mech-
anisms, such as circadian rhythms and environmental factors. This added complexity
poses significant analytical challenges, as such systems may exhibit intricate and non-
trivial patterns that are not adequately captured by static graph representations — and
so are often modeled as dynamic graphs, with time-varying node and edge elements [16].
Driven by the increasing availability of large-scale temporal relational data, as well
as by the development of new algorithms and computational tools, research on dynamic
graphs has gained traction in recent years [75, 76]. Yet software support has remained
limited and fragmented [96]: datasets were scarce, standardized benchmarks for model
evaluation were limited, and algorithm implementations were often scattered across
repositories and formats, typically as isolated pieces of code when publicly available.
This fragmentation demands substantial expertise from users and hinders adoption out-
side specialized research settings, particularly in the absence of a common framework for
building, transforming, analyzing, and visualizing temporal networks. In the context of
this thesis, these challenges motivated the development of an integrated software toolset
for dynamic graph modeling that interfaces with established graph analytics workflows.
This chapter presents NetworkX-Temporal [128], a software library for the creation,
manipulation, analysis, and visualization of dynamic graphs. It extends the widely used
NetworkX framework [65] to support time-evolving systems. Alongside the software,
the chapter introduces PubMed-Temporal [146], a graph dataset representing scientific
publications and citations over time, with node-level attributes and time-stamped edges.
Usage examples illustrate the library’s main functionalities, including slicing and visual-
izing relational data over time, transforming graphs between temporal representations
and data formats, and computing temporal metrics and properties, such as graph cen-
tralization [46]. Two applications are then discussed: an initial experiment employing
NetworkX-Temporal on the preprocessing stage of a machine learning model, and its use
in a co-authored study of dynamic processes in production systems modeled as graphs
[180]. This chapter lays the groundwork for subsequent contributions, including high-
performance implementations of spectral clustering and modularity optimization algo-
rithms for temporal graphs, integrated into the library and introduced in later chapters.
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3.1 Software advancements for temporal networks

This thesis advances dynamic graph modeling through the development of free open-
source software [128] and the extension of a real-world dataset to the temporal domain
[146]. The next sections present both contributions in detail, followed by an application
of each to deep learning on graphs and the study of real-world system dynamics [180].

3.1.1 The NetworkX-Temporal software library*

NetworkX-Temporal is a Python package that extends the popular NetworkX library to
dynamic graphs, enabling the modeling and analysis of time-evolving complex systems.

Network science provides a robust framework for representing and analyzing rela-
tional systems across domains, from communication and transportation infrastructures
to biological components and chemical interactions [52, 64]. In these representations,
entities are modeled as nodes and their interactions as edges; however, most real-world
systems are not static, and exhibit temporal dynamics such as the dissolution, formation,
and recurrence of connections [17]. While traditional network analysis has primarily
focused on static graphs, there is a growing recognition of the need to incorporate tem-
poral dynamics to more accurately model these systems — which, in turn, demands the
development of specialized tools and methodologies [75].

To address the practical challenges posed by these systems for their computational
analysis, especially in the context of this thesis, the software presented here took shape.

Module Description

algorithms Implements algorithms and metrics adapted for dynamic systems, such as tem-
poral centrality, graph centralization, and multislice modularity optimization.

classes Defines core temporal graph structures, supporting directed/undirected edges
and multiple pairwise interactions, inheriting from main NetworkX classes.

drawing Tools for drawing and visualizing temporal graphs and dynamics, leveraging
Matplotlib and custom layouts for, e.g., unrolled multislice representations.

generators Temporal graph datasets, including generators based on stochastic block mod-
els for controlled simulations. Also provides loaders for real-world graphs.

readwrite Exposes NetworkX-compatible I/O functions to import and export compressed
graph snapshots in standard formats, e.g., CSV, GraphML, GEXF, and JSON.

transform Provides conversion functions between discrete-time snapshots, continuous-
time events, and unrolled multislice representations of temporal graphs.

typing Package-specific type hints to ensure consistent function signatures and im-
prove developer workflow, e.g., for static and temporal graph objects.

utils Miscellaneous helper functions for data manipulation and masking. Also im-
plements conversion functions for external graph and ML frameworks.

Table 3.1: Overview of modules in the NetworkX-Temporal software library.

'Part of the content in this section was published in: NetworkX-Temporal: Building, manipulating, and
analyzing dynamic graph structures. Passos, N.AR.A.; Carlini, E.; Trani, S. (2025). SoftwareX 31, 102277.
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[ NetworkX-Temporal ]
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[ conductance () ] [ TemporalMultiDiGraph J + additional entries + additional entries
+ additional entries ( temporal graph() )
+ additional entries
[ readwrite ) ( transforn ) ( typing ) ( utils )
( read_graph() } ( fromevents) ) ( Temporaloraph ] [  combine snapshots() )
[ write_graph() ] [ from_snapshots () ] [ StaticGraph ] [ propagate_snapshots () ]
+ additional entries [ to_static() ] + additional entries [ Tonvert ]
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Figure 3.1: Software architecture diagram. For brevity, only some classes and functions exposed
on package import are shown. Full documentation is available online. Revised from [128].

The data structures and algorithms implemented in NetworkX-Temporal support the
representation, manipulation, and study of dynamic graphs as native objects, including
discrete-time snapshots, continuous-time events, and ‘unrolled’ multislice representa-
tions, as well as utility functions that facilitate interoperability with other libraries in
the Python ecosystem [96]. Developed as a modular library with an emphasis on exten-
sibility, it adheres to NetworkX’s API conventions [65] and acts as a bridge between the
well-established framework and the emerging needs of temporal network analysis.

A recent review on software support for temporal networks [96] found that, while
several solutions are available, overall support remains limited and fragmented, far from
consolidated around a single library. The review identified a lack of tools integrating
data handling, algorithm implementations, and visualization, with most reviewed op-
tions tailored to specific tasks. In that context, an early version of NetworkX-Temporal
was found to display ‘balanced performance with no significant drawbacks’ and was
described as a ‘reliable general-purpose choice’. It has since been extended to support
additional functionalities, including graph simulation by stochastic block models [129],
community detection by spectral and modularity-based methods [147], and loaders for
existing and novel temporal graph datasets [146]. Moreover, it was also employed in a
study of production systems logistics, where manufacturing and healthcare workflows
were modeled as dynamic graphs and analyzed through graph-entropy measures [180].

The software architecture and its main functionalities are discussed next. The li-
brary is free and open source, distributed* through the Python Package Index (PyPI). At

2 Available at: https://pypi.org/p/networkx-temporal. Distributed under the BSD-3-Clause License.
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the time of writing, an average? of approximately 2,000 monthly package downloads is
reported. Its source code is publicly available, accompanied by online documentation,
tutorials, and usage examples with references to their respective implementations.

Software architecture and functionalities

Following object-oriented development principles, the software is organized into mod-
ules that encapsulate related functionalities, promoting code reusability and maintain-
ability. The module layout follows the organizational structure of NetworkX, while ex-
tending it with temporal graph classes, algorithms, dataset loaders, and interoperability
utilities. Table 3.1 provides a list of each module and a high-level description of their
functionalities, and Figure 3.1 provides a tree-like overview of the code structure.

Algorithms — Temporal metrics and properties

Enables computing topological properties of dynamic graphs, including centrality, cen-
tralization, and conductance, and implements temporal community detection methods.

The algorithms module represents the main analytical component of the software,
providing functions to quantify node- and graph-level topological properties as the
network evolves over time, with particular emphasis on dynamic community detec-
tion. Spectral clustering techniques and greedy optimization of multislice modularity
[111] are implemented employing supra-graph representations (Equation 2.10), provid-
ing a way to reduce information loss from static aggregation and supporting temporally
consistent community assignments. Execution is supported on both CPU and CUDA-
enabled GPU hardware, with multi-GPU parallelization available for greedy optimiza-
tion, enabling the analysis of large-scale temporal graph data. Device selection is auto-
mated by passing a backend argument to the supported functions, or by setting a global
environment variable, allowing to seamlessly switch between CPU and GPU execution.
Figure 3.2 (next page) illustrates the contrast between static aggregation, isolated snap-
shot analysis, and temporal representations in the context of modularity optimization.

Lastly, as temporal graphs may be sliced into static subgraphs, NetworkX algorithms
for static graphs may be applied on a per-snapshot basis and compared against aggre-
gated periods of interest. The module also provides graph-level metrics such as central-
ization [46], spectral modularity scores for evaluating mixed-membership partitions, and
selected node-level measures not available in NetworkX, including bridgeness and bro-
kering centrality [13, 78]. These measures help quantify the role of nodes in connecting
communities and mediating information flow across temporal networks.

Classes — Core temporal graph structures

Defines the core temporal graph structures of the library, extending NetworkX classes to
support directed, undirected, and multigraph representations with time-stamped edges.

The classes module establishes the data-model foundation of NetworkX-Temporal by
extending the static graph classes provided by NetworkX. This design preserves compati-
bility with established graph-theoretical functionality while introducing abstractions for

3Source: https://clickpy.clickhouse.com/dashboard/networkx-temporal. Accessed on: 2026-06-01.
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Community ground truths from SBM generator
t=1 t=2

Multislice modularity optimization

Aggregated graph t=1

Figure 3.2: Community detection on synthetic temporal graphs with decreasing assortativeness.
Rows show planted SBM communities [74], Leiden optimization of multislice modularity [111,
176], or of static modularity on the aggregated graph or single snapshots. Node positions are
fixed; node colors indicate communities, label-aligned for comparison with ground truths [86];
colored/gray edges denote intra- and inter-community edges, respectively. Revised from [128].

time-varying relational data. Temporal graph objects therefore retain the familiar Net-
workX interface for adding, removing, and modifying nodes, edges, and attributes, while
enabling memory-efficient snapshot slicing through subgraph views whenever data du-
plication is not required, i.e., when attributes are not dynamically updated. Following
NetworkX nomenclature, the module defines four primary temporal graph classes, cov-
ering directed and undirected graphs with either single or multiple pairwise interactions.

The module supports the temporal representations introduced in Chapter 2. Discrete-
time temporal graphs are represented as ordered sequences of static subgraphs (Equa-
tion 2.2), whereas continuous-time temporal graphs are represented as sets of time-
stamped edge events, optionally associated with an interval parameter (Equation 2.3).
The former is convenient when the analysis naturally depends on snapshots, repeated
observations, or compatibility with static graph algorithms; the latter is preferable when
interactions are irregular, high-frequency, or more compactly expressed as events. A
third, ‘unrolled’ multislice representation stores temporal evolution in a single graph
object by introducing time-adjacent node copies and inter-slice couplings, making it
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suitable for methods based on supra-adjacency constructions and temporal community
detection. Figure 3.3 compares these representations. Core operations needed to move
among these structures, including combining snapshots, propagating nodes or edges
across time, are available through the transform and utils modules, discussed next.

Drawing — Visualization of temporal graphs

Provides tools for visualizing temporal graphs and their dynamics, leveraging Matplotlib
[77] and implementing helper functions for, e.g., unrolled multislice representations.
An important component of network analysis is visualization, particularly when tem-
poral dynamics introduce additional complexity not easily captured by numerical met-
rics alone. The drawing module extends NetworkX-style visualization routines to tem-
poral graphs, allowing users to render static snapshots, aggregated intervals, and uni-
fied representations with different layouts and visual encodings. Node positions may
be computed using, e.g., force-directed layout algorithms, or provided manually to pre-
serve spatial consistency across time steps. Matplotlib [77] is used as the native render-
ing backend, enabling fine-grained customization of node and edge colors, sizes, labels,
and other graphical attributes. These routines are intended primarily for exploratory

Temporal graph Unrolled temporal graph

w
2
~
@ Original nodes
3 @ Node copies
- Original edges
‘> Edge couplings

Snapshot-based temporal graphs
t=0 t=1 t=2 t=3

el

Figure 3.3: Temporal graph representations. A directed graph with 6 nodes and 8 time-stamped
edges is shown as a temporal graph (top left), an unrolled temporal graph (top right), and a
snapshot-based temporal graph (bottom). In the unrolled representation, dotted edges denote
inter-slice couplings added between temporally ordered node copies. All representations are
created from the same temporal graph data and drawn with the software. Revised from [128].
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Figure 3.4: Node and edge overlap matrices for the CollegeMsg dataset [125], sliced with
NetworkX-Temporal into 29 weekly snapshots. Entries report pairwise snapshot intersections
normalized by the size of the first set; larger values indicate stronger node or edge persistence.

analysis and for producing compact illustrations of temporal structure, such as the ag-
gregation of interactions within intervals or the filtering of subgraphs by activity.
However, visualizing larger temporal graphs remains challenging, as layout choices,
temporal discretization, and visual encodings can substantially affect interpretability.
Although subgraph filtering may improve rendering performance, identifying useful
visual configurations remains an iterative process that often requires domain knowl-
edge. For interactive exploration, specialized platforms such as Gephi [5] and Cytoscape
[160] offer more advanced capabilities, including limited support for temporal networks
through plugin extensions [140] and automated workflow execution with Python [122].
A comparison among these tools for general network visualization is provided in [130].
Alternatively, external libraries such as graph-tool [133] implements efficient rou-
tines for community-centric visualization, while Teneto [175] provides additional sup-
port for temporal graph structures. General-purpose solutions such as HoloViews and
Datashader may also be used to construct more scalable visualization routines [58, 169],
albeit requiring custom data parsing and pipeline implementation. NetworkX-Temporal
therefore supports such workflows by exporting generated snapshots in standard graph
formats and providing conversion functions for external libraries, enabling its use as a
modeling and preprocessing layer before exploratory analysis with external software.

Generators — Artificial and real-world datasets

Creates synthetic graphs with temporal dynamics for controlled simulations and pro-
vides loaders for real-world temporal graph datasets included with the library.

The generators module supports two complementary needs in temporal graph anal-
ysis: controlled simulation and access to empirical datasets. For synthetic data, the mod-
ule implements model-based generators, including a temporal extension of the degree-
corrected stochastic block model (DC-SBM, Equation 4.17) — allowing users to create
dynamic graphs with prescribed community structure, heterogeneous degree distribu-
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Figure 3.5: Empirical degree vectors sampled from uniform (i.i.d.), Gaussian (normal), and
Zipf (discrete power-law) mechanisms. The upper panel summarizes each vector by min-max
whiskers, interquartile range, and median, while the histogram reports sampled degree counts.
Panels (a), (b), and (c) show graph realizations generated from each vector with random wiring.

tions, and node-level transitions over time, providing controlled settings for algorithm
evaluation and methodological development. Such functionality is particularly relevant
in the context of this thesis, where synthetic benchmarks are later used to evaluate tem-
poral community detection methods under known ground truths and varying temporal
stability; the attributed extension of this model is introduced in Chapter 4. Figure 3.2
illustrates one such use case, comparing ground-truth communities with those detected
through static and temporal modularity optimization. The module also includes degree-
vector generators, as illustrated in Figure 3.5 for graphs drawn with the library from
uniform, Gaussian, and Zipf distributions, using the Fruchterman-Reingold layout [47].

In addition to synthetic graph generation, the module includes loaders for real-world
temporal datasets, including communication, citation, and social interaction networks.
These loaders return temporal graph objects directly compatible with the rest of the
library, allowing datasets to be sliced into snapshots, transformed between temporal
representations, or converted to external graph libraries. For example, the CollegeMsg
dataset [125], consisting of private message exchanges between users of an online social
network at a U.S. university, is included as a built-in loader. The module also provides
access to PubMed-Temporal [146], an extended version of the widely used dataset for
evaluation benchmarks [113, 197] with time-stamped edges, introduced in Section 3.1.2.
By following the same interface, additional datasets can be incorporated in the library,
making it a reusable entry point for diverse needs in temporal graph analysis.

Read and write — Input/output operations

Handles data persistence by importing and exporting temporal graphs in standard for-
mats, including CSV, GraphML, GEXF, and JSON, with support for file compression.
The readwrite module provides the main interface for saving and loading temporal
graph objects to/from disk and buffered streams. It extends NetworkX internal func-
tions, allowing time-varying relational data to be exchanged with external analysis tools
through established file formats. This functionality enables reproducible workflows by
making temporal graphs and resulting snapshots serializable, portable, and shareable.
A distinctive feature of the module is its support for compressed archives. Instead
of storing each temporal snapshot as a separate file, a sequence of snapshots can be
stored as a single file using ZIP, BZIP2, or LZMA compression, reducing storage overhead
and simplifying dataset management. Within these archives, each snapshot is preserved
as an individual graph object, retaining node-, edge-, and graph-level metadata when
supported by the chosen file format. The compression level may be adjusted to balance
storage efficiency and processing speed, and archived temporal graphs may be loaded
back into the library with their snapshot structure preserved, in order to standardize the
exchange of temporal graph datasets across software environments and workflows.
The module additionally integrates support to HIF (Hierarchical Interchange Format)
[25], aJSON-based format for hypergraph data, and GEXF (Graph Data Format), a legacy,



3.1. SOFTWARE ADVANCEMENTS FOR TEMPORAL NETWORKS 39

but highly compressible tabular format supported by external tools such as Gephi [5].

Transform — Temporal graph structures and representations

The transform module provides functions to reconfigure temporal graphs among
snapshot-based, event-based, static, and unrolled representations, as seen in Figure 3.3.
Unlike conversions to external library formats (Table 3.3), these transformations mod-
ify the object data structures, affecting the graph’s order, size, attribute semantics, and
implementation logic of downstream algorithms. Table 3.2 summarizes the supported
representations by order, size, and support for dynamic node and edge attributes.
Snapshot-based representations model a temporal graph as an ordered sequence
of static graphs, whereas event-based representations store interactions as time-
stamped events, optionally with duration or edge-addition/removal semantics (Equa-
tions 2.2 and 2.3). Static aggregation collapses the temporal graph into a single object
with time-stamped edges, while the unrolled representation stores network evolution
by adding time-indexed node copies and inter-slice edges coupling them. These repre-
sentations are interconvertible, and the appropriate choice depends on the requirements
of the analysis or algorithm: snapshot-based representations, stored as NetworkX sub-
graph views, are intuitive and compatible with static graph algorithms, whereas event-
based representations can be more compact and better suited to continuous-time data.
Together, these transformations provide the preprocessing layer required by temporal
graph algorithms and machine learning pipelines with representation-specific inputs.

Typing — Package-specific type definitions

Defines package-specific type aliases for static and temporal graph objects, as well as
Matplotlib figure and axis objects, to improve codebase maintainability and readability.

The typing module centralizes type definitions used across the library, providing con-
sistent annotations for temporal graph objects, accepted input formats, and common re-
turn types. These aliases enable explicit annotation of function signatures, both in the
source code and in the API documentation generated by Sphinx. They also support mod-
ern Python development by making type expectations easier to check and maintain as
the codebase evolves, reducing the likelihood of runtime errors due to type mismatches.

Order Size  Dynamic node attributes Dynamic edge attributes

Static graph V=V E=Er
Snapshot-based V >Vr E = Er
Event-based V=Vr E=EFEp
Unrolled graph V > Vr E > Ep

CAOKX
CCOCX

Table 3.2: Temporal graph representations implemented in the transform module. Expected
order and size changes is indicated, along with support for storing dynamic node and edge at-
tributes. By default, snapshots (NetworkX subgraph views) are internally used to store data.
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Library Parameter Description

cuGraph [119] ‘cugraph’ Graph suite from NVIDIA RAPIDS.
CuPy [121] ‘cupy’ Sparse GPU array representation.
Deep Graph Library [186] ‘dgl’ Deep learning on graphs.

DyNetX [150] ‘dynetx’ Dynamic network analysis.
graph-tool [133] ‘graph_tool’ High-performance graph operations.
igraph [28] ‘igraph’ General-purpose network analysis.
NetworKit [167] ‘networkit’ Scalable graph algorithms.

NumPy [71] ‘numpy’ Dense vector representations.

PyTorch Geometric [40]

‘torch_geometric’

Deep learning on graphs.

SciPy [183] ‘scipy’ Sparse matrix representations.
SNAP [91] ‘snap’ Large-scale network analysis.
StellarGraph [31] ‘stellargraph’ Machine learning on graphs.
Teneto [175] v’ ‘teneto’ Temporal network analysis.

Table 3.3: Conversion functions for external libraries in the utils module. Column G indicates
whether temporal graph structures are natively supported by the library; if not, conversion pro-
duces supra-graphs or static (snapshot-based) graph representations with time-stamped edges.

Utility functions — Data manipulation and conversion

Provides helper functions for temporal data manipulation, masking, similarity compu-
tation, and conversion to external graph analysis and machine learning libraries.

The utils module provides auxiliary routines for manipulating temporal graph data
and converting it to external libraries and frameworks. Temporal node and edge in-
dices may be obtained and subgraphs filtered according to different criteria, while ad-
ditional utilities support combining and propagating snapshots over time, node- and
edge-level mapping, and matrix-based comparisons of temporal activity. Measures such
as intersection-over-union (Jaccard) and Dice coefficients quantify overlap across inter-
vals based on either temporal node or edge sets, facilitating the analysis of persistence,
turnover, and structural similarity in dynamic graphs. Figure 3.4 displays such an exam-
ple for the CollegeMsg graph [125], where node/edge overlap considers the intersection
of elements normalized by the size of the first set (horizontal axis), i.e., |A N B|/|Al.

Additional functions in the convert submodule support interoperability with exter-
nal graph libraries and machine learning frameworks, as summarized in Table 3.3. For
frameworks that do not natively support temporal relational data, these functions gener-
ate compatible representations, such as snapshot sequences or aggregated graphs with
time-stamped edges, depending on the current graph representation. External depen-
dencies are dynamically imported when the corresponding functions are called to keep
the core library lightweight while allowing NetworkX-Temporal to be used as a model-
ing and preprocessing layer for downstream analysis tasks with specialized libraries.
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Graph Split Nodes Edges Classo Class1 Class 2 Time steps Interval (Years)

Full ~ None 19,717 44,324 4,103 7739 7,875 42 1967 - 2010
Train 11,664 24,645 2,964 3,508 5,192 38 1967 - 2006

Transd.  Val. 3,697 4535 524 1,803 1,370 1 2007 - 2007
Test 9,810 15,144 1,372 4,795 3,643 3 2008 - 2010

Train 11,664 24,645 2,964 3,508 5,192 38 1967 - 2006

Inductive Val. 2,093 2,113 297 1,123 673 1 2007 - 2007
Test 15,960 6,928 842 3,108 2,010 3 2008 - 2010

Table 3.4: Summary statistics of the PubMed temporal graph. The dataset is divided into trans-
ductive and inductive splits for machine learning tasks, with time-respecting training, validation,
and test sets. Classes are research subtopics in diabetes mellitus (Type 1, Type 2, Experiments).

3.1.2 The PubMed-Temporal graph dataset

The PubMed-Temporal dataset [146] extends the widely used PubMed citation network
[113, 197] with edge-level timestamps and chronological train/validation/test splits.
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Figure 3.6: PubMed-Temporal graph characteristics. Top: number of active nodes (publications)
per class. Bottom (log-scaled): number of edges in time-respecting train, validation, and test sets.
Note that some years (1964, 1965, 1966, 1972, 1974) show no citation (edge) activity in the dataset.
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Extending the PubMed graph dataset to the temporal domain

The dataset was constructed* by augmenting the PubMed citation graph with
publication-year metadata obtained from the PubMed database. Nodes represent scien-
tific publications, and directed edges represent citation relationships. Temporal infor-
mation is encoded at the edge level: each citation is assigned the publication year of
the citing paper. Yearly resolution was adopted because exact publication dates are not
consistently available for all records, whereas publication years are. The resulting tem-
poral graph spans 1967-2010, yielding 7" = 42 temporal intervals. Table 3.4 summarizes
its main statistics, including node and edge counts, class distribution, and the temporal
intervals used for training, validation, and testing. NetworkX-Temporal provides the
graph together with node-level features and time-respecting splits for transductive and
inductive learning settings, also available in PyTorch Geometric format [40, 146].
Real-world temporal graph datasets with node-level features and labels for node clas-
sification or clustering remain limited, although recent releases have improved cover-
age [99]. In several such datasets, node features are obtained by pretraining Node2Vec
embeddings [100], which restricts evaluation to a transductive setting, as random walk
sampling during pretraining may expose node representations to nodes later assigned to
validation or test sets. The PubMed citation graph, released by [113] and later used for
graph-based node classification in [197], is widely adopted in benchmark studies and was
therefore selected for temporal augmentation. The graph contains |V| = 19717 nodes,
representing papers, and |E| = 44 335 directed edges (11 of which are bidirectional and
removed in PyTorch Geometric), representing citations among them, plus node-level
features and class labels for downstream node classification tasks. Features are bag-
of-words representations extracted from paper abstracts using the 500 highest-scoring
terms by term frequency-inverse document frequency (TF-IDF), while labels correspond
to three diabetes mellitus subtopics in the PubMed database: Type 1, Type 2, and ex-
perimental studies. The time-respecting split supports both transductive and inductive
learning settings, as detailed in Table 3.4; their distribution is illustrated in Figure 3.6.
To obtain temporal metadata, the official PubMed API was queried for each paper’s
publication date and cross-verified against the original data released by [113], with
records disambiguated to match the implementation derived from [197] and currently
available in PyTorch Geometric [40]. Because citing and cited papers may belong to
different publication years, temporal information was assigned as an edge attribute; as
monthly or daily resolution was not consistently available for all records, a yearly res-
olution was adopted. The resulting dataset preserves the nodes, edges, features, and
labels of the original PubMed graph while adding edge-level timestamps over 7' = 42
time steps, spanning 1967-2010. By adding edge-level timestamps while preserving the
original nodes, features, and labels, temporal graph learning experiments are made pos-
sible, while retaining comparability with previous baselines. Figure 3.7 illustrates the
difference between transductive and inductive graph learning settings, respectively.
The dataset is publicly available [146] and included as a built-in loader in NetworkX-
Temporal with node features, class labels, edge timestamps, and time-respecting train-
ing, validation and test splits. It is used in this chapter for experiments with graph au-
toencoder strategies for node clustering, providing a compact benchmark for evaluating

4Capsule available for reproducibility: PubMed-Temporal: A temporal graph dataset with node-level
features. Passos, N.AR.A.; Carlini, E.; Trani, S. (2024). Zenodo. Dec. 9, Genéve, Switzerland.
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-o- Training set -o- Validation set -o- Test set

Figure 3.7: Comparison between transductive and inductive learning settings. On transductive
(bottom left), validation and test edges are seen during training; while on inductive (bottom
right), all node and edge sets are disjoint, requiring models to generalize to unseen graph regions.

whether citation timing can improve learning beyond the original static PubMed graph,
even when the embedding encoder is not designed to leverage temporal information.

Dataset analysis and characteristics

The structure of the dataset is consistent with typical citation networks, summarized by
Figure 3.8. The total-degree and in-degree distributions are heavy-tailed, with a small
number of papers receiving many citations and many papers receiving few or none.
In contrast, out-degree frequencies are more constrained, reflecting the finite number of
references in each paper and the directed acyclic structure of citation networks. This im-
balance is characteristic of the domain and introduces modeling challenges, since learn-
ing algorithms must handle strong degree heterogeneity and uneven activity levels.
Temporal variation in this dataset is comparatively constrained relative to social in-
teraction datasets, where node and edge turnover is more pronounced. Because pa-
pers remain in the citation network once published and citation edges are time-stamped
events, temporal variation reflects the arrival of new publications and citations rather
than repeated interactions among the same entities. Figure 3.9 reports pairwise compar-
isons of active node sets across years, with overlap concentrated near adjacent periods;
the right matrix uses the Serensen-Dice similarity measure, i.e., |A N B|/(|]A| + | B]), to
quantify the similarity of active node sets across years. In contrast, Figure 3.4 illustrates
stronger node and edge turnover in the CollegeMsg dataset, where pairwise interac-
tions repeatedly occur among changing sets of students. This highlights how dataset
domain determines which temporal structures are informative for downstream model-
ing, cautioning against treating temporal graph datasets as interchangeable benchmarks
and motivating domain-specific model selection together with synthetic benchmarks for
controlled experimentation and ablation studies, as later explored in Chapter 4.
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Code snippet for loading and basic usage

The following code snippet demonstrates how to load the PubMed-Temporal dataset:

» import networkx_temporal as tx
» TG = tx.generators.pubmed_graph(features=True)
» snapshots = TG.slice(bins=TG.number_of_snapshots()/2, attr="time’)

Degree distribution In-degree (log scale)
104 - 104 B
: CDF E
1.0 1035
102
103 = :
—~ - 10! H
5] E
K :
% - 100 i
3102
= :
= B
=1
8 102§
10! - :
: 10! E
0. :
10 E.“ ) ) o ) ) o ) 1005.” R S A A oo AR
10° 10! 102 100 10! 102
Degree (log scale) Out-degree (log scale)

Figure 3.8: Degree distributions of the PubMed graph dataset. The left panel shows total degree,
while the right panels separate in-degree and out-degree; the inset reports binned total-degree
counts. The in-degree distribution is heavy-tailed, as expected in citation networks, while the
out-degree is more constrained due to the acyclic and limited nature of paper bibliographies.
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Figure 3.9: Node and edge set overlap in the PubMed-Temporal graph dataset with yearly splits.
The low turnover of nodes and the empty intersection among edge sets is characteristic of citation
networks, where edges occur only once and node additions to the network are permanent. As
edge turnover is zero, dice similarity coefficients are indicated on the right for each interval pair.
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This imports NetworkX-Temporal, loads the dataset as a temporal graph object
named TG, and slices it into two-year snapshots using the edge-level time attribute. By
default, the dataset is loaded with 7" = 42 snapshots. Once loaded, the graph follows
NetworkX API conventions for accessing node and edge attributes and can be trans-
formed or converted to other supported formats using the built-in library utilities.

3.2 Applications to the study of graph dynamics

Two applications of the software library are presented next: adapting a graph autoen-
coder and clustering model [185] to the temporal domain by topology augmentation,
and analyzing entropy in production systems modeled as dynamic graphs [180].

3.2.1 Reconstruction and clustering with deep autoencoders>

Aninitial experiment was conducted to adapt a graph clustering model based on deep au-
toencoders [185] to temporal data through topology augmentation. The goal was to con-
struct time-augmented graph representations and evaluate their effect on a real-world
dataset with edge-level timestamps and node-level features. The selected model and
augmentation procedure employing NetworkX-Temporal are described next, followed
by experimental results and discussion. This example illustrates how the software can
support machine learning workflows on dynamic graphs as a preprocessing layer.

Time-augmented graph generation

Motivated by multislice modularity [111], the augmentation process encodes temporal
information topologically by slicing the graph into 7" discrete snapshots, adding tempo-
ral node copies (‘proxy’ nodes), and coupling corresponding copies across adjacent time
steps through inter-slice edges. This construction allows static graph models, such as
the one considered next, to operate on an augmented topology in which temporal prox-
imity is represented through graph connectivity, enabling temporally informed node
embeddings and community assignments without modifying the model architecture.
The result is an ‘unrolled’ graph in which each original node i is represented by at
most 7' temporal copies, connected to its neighbors within each snapshot and to its own
copies in adjacent time steps. In the experiments, the PubMed graph was discretized
into T € {2,3,4,5,6} snapshots, with node features shared across temporal copies and
weighted inter-slice edges controlling the strength of temporal coupling. This allows
message passing to incorporate both contemporaneous neighbors and past states of the
same node, exposing a static graph model to temporal structure through topology alone.

Deep Attentional Augmented Graph Clustering

The Deep Attentional Embedded Graph Clustering (DAEGC) model [185] learns node
representations from both structure and content through an attentional encoder, op-

5Part of the content in this section was presented in: Deep Community Detection on Attributed Dy-
namic Graphs with a Spatio-Temporal Graph Neural Network. Passos, N.A.R.A. (2024). Poster presentation.
International School and Conference on Network Science (NetSciX’24). Jan. 22-25, 2024, Venice, Italy.
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Figure 3.10: Graph augmentation process. In the final, unrolled graph, each node i has 7" copies
(temporal nodes) 7;, with edges linking them to their neighbors in the same snapshot and to
themselves in subsequent time steps. Note that the order and size of the graph therefore increases.

timized by a dual loss combining graph reconstruction and clustering objectives (Fig-
ure 3.11). Attention is computed over a polynomial adjacency matrix with K = 2, letting
each node attend to its neighbors and their neighbors when aggregating information,

AR = (A+ A%+ ...+ AN)/K, (3.1)

where A = D~'/2AD~'/2 is the normalized adjacency matrix with self-loops, and D is
the diagonal degree matrix with Dj; = >\ ;) Aij» the self-loops ensuring a node’s
own features enter aggregation. The encoder thus considers 2-hop neighborhoods, while
graph reconstruction is still performed on the original (binary) adjacency matrix.
Within this attentional paradigm, a latent representation is a weighted sum of neigh-
bors’ features modulated by learned attention coefficients. For each pair of nodes 7 and
J, a constant a;; is first obtained as the inner product between a weight vector a and
their concatenated weighted features; a softmax then yields the final coefficients o;;,
with the polynomial adjacency matrix weighting neighbors by their proximity to ¢:

expoAfay)  exploAf(aT [Wxi|[Wx;)))
Ynen, xp(0AL am) 3, exp(o ALY (@ T[Wxi| [Wx,])|

(3-2)

aij

where o is a Leaky ReLU nonlinearity and W is a weight matrix; from the perspective
of attribute features alone, this is a single-layer feed-forward network. Both a and W
are Xavier-initialized [55] and normalized, so coefficients are comparable across nodes.

Since the embeddings already encode structure and content, DAEGC reconstructs
adjacencies with a simple inner-product (sigmoid) decoder. The model optimizes a com-
posite loss function Lpagge that is the sum of a reconstruction term, equivalent to the
binary cross-entropy between the original adjacency A and its reconstruction A’, and a
clustering term, computed as the Kullback-Leibler divergence between soft assignments
() and a target distribution P and weighted by a hyperparameter v = 10 (default):

Lparce = ‘C]()TXEGC + 751()(215(30 (3-32)
\ 1 &

‘C](DKEGC ~ Z (Aij -log A;j +(1—Ay) - log(l - A;j)) ) (3.3b)
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In this formulation, soft assignments ();. measure the similarity between node and cen-
troid embeddings through a Student’s ¢-distribution, and the target P;. optimizes them
by emphasizing confident assignments and normalizing by cluster frequency, that is,

I |
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Centroids are initialized by k-means on the pretrained features, and P is recomputed
every five epochs. Note that updating the target outside the gradient loop results in a
model that is not end-to-end differentiable, a common trait of deep clustering methods
by autoencoders, which the architecture later presented in Chapter 7 addresses.

Applying the unmodified DAEGC encoder to this unrolled graph yields what was
termed Deep Attentional Augmented Graph Clustering (DAAGC). The encoder remains
static by design: its attention mechanism and dual objective are unchanged, and noth-
ing in the architecture is aware that the input encodes time. The augmentation instead
acts entirely through the graph topology, and therefore through message passing. On
the one hand, each node now attends to its own copies in adjacent snapshots alongside
its contemporaneous neighbors, so that a node’s embedding reflects its recent history
and changing neighborhood, and the attention coefficients (Equation 3.2) may in princi-
ple weight temporal and spatial edges differently, all without architectural change; this
added context is what produces the modest clustering gains reported next. On the other
hand, because temporal copies share identical features, inter-slice edges largely recircu-
late a node’s own attributes across snapshots, increasing redundancy and drawing the
representations of its copies toward one another — a form of oversmoothing that may
worsen with depth, while long inter-slice paths can bottleneck information between dis-
tant time steps (oversquashing) [211]. Whether augmentation helps therefore hinges on
the temporal signal introduced by the coupling outweighing the redundancy it injects,
a balance governed by the number of snapshots 7" and the inter-slice coupling strength.
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Figure 3.11: Architecture illustration of the DAEGC model, presented in [185]. Adjacency matrix
A and node feature matrix X are encoded into latent node embeddings Z through a GAT-based
encoder, where the inner product is used to reconstruct (decode) the adjacency matrix A’ with
a nonlinear activation (sigmoid) function. A second function ¢ (k-means) obtains soft cluster
assignments (), optimized by KL divergence for a target distribution P, updated every 5 epochs.
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Figure 3.12: Clustering metrics on augmented graph. Results reported on best out of 10 runs.

Table 3.5: Clustering metrics on augmented graph. Results underlined on best out of 10 runs:
accuracy, normalized mutual information (NMI), adjusted Rand index (ARI), macro F1-score.

Experimental results and discussion

Evaluation considered only the PubMed-Temporal dataset and was conducted in a trans-
ductive setting in which final node embeddings predict node classes without any archi-
tectural change. As shown in Figure 3.12 and Table 3.5 (best of ten runs), topological aug-
mentation slightly improved clustering as 7" increased, with a modest absolute gain of
about 4% in accuracy (0.577 to 0.598 at T = 6), suggesting that reconstruction was able
to exploit temporal information for more informative embeddings. The gains are there-
fore marginal, yet still incur noticeable computational costs from the increased graph
order and size: across t = 2 to 6, the augmented graph grows from roughly 20,000 to
24,000 nodes and 45,000 to 49,000 edges, while the average runtime rises steadily from
about 49 s to 81 s, with 500 epochs for training on a single NVIDIA A1oo GPU.

That is, in fact, the method’s central limitation: slicing and unrolling grows the order
and size of the graph with 7', inflating training cost for dense or non-sparse operations
and forcing coarse temporal resolutions (here limited to 7" = 6, aggregated from 42 avail-
able years). Time binning then becomes a critical hyperparameter, since coarse intervals
obscure fast dynamics while fine intervals risk sparsity, and slice duration, aggregation,
and snapshot constraints all affect the resulting topology. Although automatic selec-
tion through strategies not here discussed mitigate the need for manual tuning, such as
higher-order De Bruijn projections [32], they do so at the price of added complexity.

The approach is also not universally appropriate: in PubMed-Temporal, node labels
are fixed, and temporal variation enters only through citation timing, so temporal copies
retain identical attributes, mainly exposing a static encoder to edge-level temporal in-
formation. Together, these shortcomings motivated the controlled benchmarking frame-
work introduced in Chapter 5 and the dedicated temporal architecture found in Chap-
ter 7. Although oversmoothing and oversquashing effects were not evident due to the
small number of layers (L = 2) and snapshots (1" < 6), they may arise in deeper archi-
tectures or with longer temporal paths, limiting generality to other dataset domains.

Lastly, note that the presented model performs graph clustering, but not community
detection in the sense defined in Chapter 1: it optimizes adjacency reconstruction and
cluster-assignment sharpening (Equation 3.3a) rather than a graph-theoretic objective
such as modularity or conductance; which would instead place it among ‘descriptive’
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[135] community detection methods. The baseline experiments in this chapter illustrate
that the augmentation strategy can improve clustering performance, demonstrating the
utility of temporal graph abstractions for machine learning workflows, but the gains are
modest and come at the cost of increased graph size, training time, and hyperparameter
tuning. This motivated the thesis’s central move of optimizing a community objective
directly through spectral and modularity-based methods for temporal graphs, presented
in Chapter 5, and later returning to the neural setting with a model that optimizes such an
objective end-to-end, introduced in Chapter 7. The next section explores how temporal
graph abstractions may support applied analyses of information processing in dynamic
systems, as a complementary use case to the experiments just presented.

3.2.2 Entropy and information processing in temporal graphs®

Entropy and information theory provide a framework for analyzing temporal graphs
by quantifying uncertainty, predictability, and organization in time-evolving systems.
In dynamic networks, entropy-based measures can assess how node and edge activ-
ity changes over time, revealing patterns of information flow, redundancy, novelty,
and structural variability. High entropy indicates less predictable activity, such as fre-
quent changes in connectivity or coordination demand, whereas low entropy suggests
more regular or constrained temporal structure. These measures are therefore useful
for studying real-world systems in which temporal dependencies and dynamics shape
system behavior, including communication, biological, and organizational networks.
This section summarizes a co-authored application [180] of these concepts to pro-
duction systems modeled as temporal graphs. Although the study is outside the main
community detection focus of the thesis, it demonstrates how the temporal graph ab-
stractions here developed can support applied analyses of dynamic coordination and
information processing, facilitating the modeling and analysis of time-varying systems.

Application to real-world networks in simulated scenarios

In this setting, nodes represent agents and edges represent active coordination requests
triggered by unfavorable events. A measure of Shannon entropy [15], then adapted to
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Figure 3.13: Illustration of complex coordination networks. (a) A production system with a
central planning node (in red), plus local and global feedback loops. (b) Local and global feedback
loops with synchronization. Graphs drawn with NetworkX-Temporal. Adapted from [180].

The contents of this section have been partly published in: Using Entropy Metrics to Analyze Informa-
tion Processing Within Production Systems: The Role of Organizational Constraints. Merode, F.v.; Boersma,
H.; Tournois, F.; Winasti, W.; Passos, N.AR.A.; Ham, A.v.d. (2025). Logistics 9(2), 46.
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the graph domain, was used to quantify system-wide uncertainty in coordination ac-
tivity, while degree centrality was used to identify agents with high coordination load.
Two contrasting operational environments were compared: the Toyota Production Sys-
tem (TPS), modeled as a standardized system with closed-loop feedback, and a univer-
sity obstetrics clinic, modeled as an open-loop push system with unpredictable patient
arrivals and workload variability, increasing stochasticity. Figure 3.13 illustrates two
representative coordination networks and highlights the differences in their topology.

In the TPS simulation, a Monte Carlo process (1000 replications per production pe-
riod) evaluated entropy under two coordination mechanisms: local ‘need help’ requests
and global ‘andon’ interventions. Zero-entropy states occurred in 38.40% of local help
windows and in 76.62% andon coordination intervals, indicating that TPS coordination
often remained predictable and inactive when tasks stayed within the allotted takt time.
Although global coordination yielded higher average and maximum node degrees, its
lower entropy suggests a more centralized and organized concentration of resources
during major disruptions, consistent with the system’s closed-loop feedback design.

In contrast, the obstetrics clinic simulations (500 days of coordination across three
nurse segments) never reached a zero-entropy state, with entropy values ranging from
0.92 to 2.23 and average node degrees between 3.00 and 4.08. Because clinics lack feed-
back mechanisms to regulate arrivals and workload, coordination activity remained per-
sistent and distributed across many agents. The comparison shows how organizational
constraints shape information processing in temporal coordination networks: feedback-
rich systems can suppress uncertainty through structured intervention, whereas open-
loop systems sustain higher and more diffuse coordination complexity.

By employing graph-theoretical metrics on longitudinal data, the study [180] high-
lights the software’s utility for information processing in complex systems with time-
varying structures, and the need for robust temporal graph modeling frameworks to
support such analyses. The following part of this thesis introduces the principles of com-
munity detection and graph simulation through stochastic block modeling, in order to
present two distinct contributions: high-performance GPU implementations of spectral
and modularity-based algorithms for temporal graphs, and a generator for time-varying
attributed graphs for model benchmarking under controlled experimental conditions.



Part 11

Community Detection

Nothing makes the earth seem so
spacious as to have friends at a distance;
they make the latitudes and longitudes.

HeNRY DAVID THOREAU (1843)






Chapter 4

Detecting Communities in Networks

Complex systems often exhibit emergent properties that arise from interactions among
their individual components. When these interactions form large networks, understand-
ing system behavior from isolated components becomes impractical, motivating meth-
ods that identify mesoscopic organization. Community detection addresses this problem
by seeking groups of nodes whose connectivity, attributes, and/or temporal behavior dis-
tinguish them from the rest of the network, yielding distinct definitions and approaches.

Community detection techniques may be broadly divided into descriptive and inferen-
tial methods [135]. Descriptive methods are exploratory: they treat the observed graph
as fixed and usually optimize a quality function, such as modularity or conductance, that
measures the ‘goodness’ of a partitioning. Inferential methods instead often assume a
probabilistic generative model, based on statistical principles, and treat community la-
bels as latent variables to be inferred from the observed edges. Both viewpoints aim to
recover node groups, but they differ in what constitutes a community, whether uncer-
tainty is estimated, and whether graph reconstruction is part of the modeling objective.

This distinction becomes more relevant when considering dynamic and attributed
graphs, which are common in real-world applications. Static representations can hide
temporal mechanisms: social interactions evolve, transportation routes are modified,
and biological processes unfold over time. Node and edge attributes add further context
for identifying communities, but also increase modeling complexity and may change
the partition recovered by an algorithm [34]. Ignoring either aspect can therefore lead
to oversimplified descriptions of the system. Both paradigms can account for these com-
plications, for instance by extending quality functions to the temporal domain [10, 111]
or by modeling community evolution as a Markovian process [51, 193], among others.

In computer science, communities learned with neural network-based approaches are
sometimes referred to as ‘deep’ communities, particularly when multilayer representa-
tions are used to capture nonlinear structural or attribute patterns [97, 165]. Recent work
has also begun to connect these models with classical community-detection objectives
by incorporating graph-theoretic losses into graph neural architectures [179], allowing
for a somewhat more direct interpretation of the clustering process and its results.

This chapter first discusses the theoretical foundations and practical implications of
descriptive and inferential community detection. It then reviews methods based on spec-
tral decomposition, heuristic optimization, and generative inference, before moving on
to presenting the novel contributions of this research for temporal community detection.
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4.1 Descriptive and inferential methods

A taxonomy for community detection methods may first seek to distinguish between
descriptive and inferential approaches [135] — although both aim to partition the nodes
of a graph into subsets, they differ in their underlying philosophies and methodologies.
A summary of the main characteristics of these two categories is provided by Ta-
ble 4.1, highlighting their objectives, strengths, and limitations. Their distinction is not
absolute, but it provides a useful framework for understanding the landscape of com-
munity detection techniques. While descriptive methods treat the observed graph as
the object of analysis and seek a partition that optimizes a structural criterion or combi-
nation thereof, inferential methods may assume that the network was generated under
a probabilistic model instead, and therefore seek to infer the latent community structure
that best explains the observed edges — often by estimating model parameters, quanti-
fying uncertainty, and reconstructing the graph (i.e., ‘fitting’ the model to the data).
Examples of the former include modularity [115], which compares the observed den-
sity of within-community edges against the expectation of a null model, and conduc-
tance [196], which measures the relative boundary size of a community with respect to
its volume. Spectral techniques also fall under this category, as they rely on the eigen-
structure of graph matrices to identify partitions that minimize cut-based objectives.
Algorithms used to optimize such criteria include spectral methods [118, 182], greedy
heuristics such as Louvain and Leiden [9, 176], and neural models that learn representa-
tions or assignments directly from the observed graph [145]. Their output is interpreted
post hoc as a description of the data: no explicit generative mechanism is assumed and
uncertainty quantification is limited, so graph reconstruction is not a natural by-product
— making graph autoencoder models not directly comparable to generative models’. For
exploratory analysis and large-scale networks, however, these methods remain attrac-

Category Objective Strengths Limitations

Descriptive Directly optimize a Scalable and simple to ~ Limited uncertainty

spectral decomposition;

modularity maximization;
greedy optimization (e.g.,
Louvain, Leiden); shallow

graph encoders (skip-gram)

quality function over
partitions, such as cut
size, modularity,
conductance, or a
relaxation thereof

implement; requires few
modeling assumptions;
suitable for exploratory
analysis of large-scale
static/temporal graphs

quantification; no
explicit generation
model; resolution limits,
local optima, and
detectability limits

Inferential

stochastic block models
(contextual, nested,
mixed-membership,
temporal); topic-based (e.g.,
RTM); latent-space models

Infer latent communities
under a probabilistic
generative model,
usually by maximizing a
likelihood or posterior,
or minimizing MDL

Statistically grounded;
selects the number of
communities; supports
model selection,
uncertainty, hierarchies,
attributes, and dynamics

Computationally more
demanding; sensitive to
modeling assumptions,
priors, and inference
approximations; less
scalable to large graphs

Table 4.1: Descriptive and inferential approaches for community detection. Both categories can
be extended to static, attributed, and dynamic graphs, but differ in their objectives, assumptions,
and treatment of uncertainty. Note that some methods may combine elements of both paradigms.

'See Section 3.2.1. — Autoencoders learn low-dimensional node embeddings that can be used to re-
construct the adjacency matrix, but do not provide a probabilistic model for the graph generation process.
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tive due to their scalability, interpretability, and comparatively simple implementation.
Inferential methods take a statistical view, treating the observed graph as a realization
of a probabilistic generative model — most commonly a stochastic block model (SBM)
[74, 90] — in which community labels are latent variables and model parameters are
estimated by likelihood maximization, posterior inference, or related approximations.
This provides a principled basis for model selection (based on information criteria such
as minimizing description length), uncertainty estimation, graph reconstruction, and
hierarchical organization through extensions such as the nested SBM [134]. The trade-
off is computational cost: inference often requires Markov Chain Monte Carlo sampling,
variational methods, or other approximations such as expectation-maximization, and the
results depend on the chosen model assumptions and priors — a dependence that is not
a defect, but an instance of a more general principle: no inference is free of inductive
bias, and the assumptions made should be stated explicitly rather than left implicit [135].
Recent extensions incorporate node attributes into the generative process [34] or model
community evolution over time through Markovian dynamics [193], thereby linking
structural, contextual, and temporal information within a unified inferential framework.
From a practical standpoint, inferential methods may be less scalable to large net-
works, but they provide a rigorous approach when uncertainty quantification, model
comparison, and interpretability are central requirements. Both paradigms have been
extended to dynamic graphs, either by adapting static quality functions [10, 111] or
by incorporating temporal dynamics into the underlying generative model [107, 193].
Moreover, recent neural approaches further blur these categories — embeddings learned
by graph neural networks can be clustered with standard algorithms, yielding ‘deep’
graph clustering [185], while other architectures optimize graph-theoretic objectives
such as modularity or conductance directly, yielding ‘neural’ community detection [179].
Relatedly, while skip-gram methods [60, 138, 173] may be taken as ‘neural’ methods,
they are in fact equivalent to matrix factorization of a pointwise mutual information
(PMI) matrix [93], and can be interpreted as spectral methods that implicitly factorize
a Laplacian-like operator [143]. Notably, neural components are also not confined to
descriptive approaches: for instance, recent work embeds a neural-prior within an in-
ferential stochastic block model [36], in which node attributes determine community
memberships, inferred through belief propagation and approximate message passing.

4.2 Static and dynamic community detection

This section presents three central approaches to community detection: spectral clus-
tering and matrix factorization, heuristic optimization by maximizing quality functions,
and statistical inference under generative models. Special attention is given to their
temporal adaptations, forming the basis for the novel contributions of this research.
Static community detection provides the baseline setting from which dynamic and
attributed formulations are typically derived. It considers a graph G = (V, E), where
V' is the set of nodes and E the set of edges, and seeks to partition the nodes into %
communities C = {C1,...,Cy} such that nodes in the same set are similar according
to a structural, attribute-based, or statistical criterion — for instance, by maximizing the
number of edges within communities compared to the number of edges between them.
Dynamic community detection extends static methods to evolving networks by al-
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Figure 4.1: Example of a static graph with |V| = 38 nodes and |E| = 81 edges. A possible
partition into |C'| = 5 communities is shown, resulting in 19 edges between communities. Left
and right graphs share the same topology; node positions are slightly adjusted for visual clarity.

lowing community assignments to vary over time. In discrete-time temporal graphs
(Equation 2.2), this yields a sequence of snapshot-level partitions C*) = {C ft), N C’,S,? 1,
while in continuous-time temporal graphs (Equation 2.3), community membership may
instead be represented as an event-level assignment, allowing interacting nodes in each
event to change their community affiliation. In both scenarios, this amounts to the dif-
ference between static and dynamic community detection: the former seeks a single
partition for the entire graph, while the latter allows partitions to evolve over time.

Although community detection on temporal graphs can be approached by applying
static methods to each snapshot independently, followed by post hoc alignment of the
resulting partitions, e.g., by Jaccard similarity [38], this general approach can be under-
stood instead as a form of community tracking with a different set of challenges and
assumptions [153]. The following sections focus instead on methods that explicitly in-
corporate temporal information into the community detection process, either by extend-
ing quality functions or by modeling community dynamics as a stochastic process.

4.2.1 Spectral decomposition and matrix factorization

Spectral decomposition methods view community detection as a relaxation of discrete
partitioning objectives into continuous linear-algebraic problems. Instead of searching
directly over all possible node partitions, they operate on graph matrices, such as the
adjacency matrix, the Laplacian®, normalized Laplacian, or modularity matrix, and use
their eigenvectors or low-rank factors as node embeddings. Partitions are then obtained
by thresholding these embeddings, or by a clustering algorithm such as k-means [118].
These methods are mathematically well-founded and computationally efficient on
sparse graphs, but the continuous relaxation usually requires post-processing to obtain
a discrete partition [184]. Their results can also depend strongly on graph connectivity,
degree heterogeneity, and the chosen operator or normalization, since different matrices
emphasize different notions of similarity [182]. From a practical standpoint, implemen-
tations differ in whether the number of communities £ is fixed or decided post hoc, and
in whether the embeddings are used directly for clustering or as an initialization for a
subsequent step — complicating comparisons with heuristic and inferential methods.

*See Section 2.2. — Also known as the combinatorial Laplacian or Kirchhoff matrix if unnormalized.



4.2. STATIC AND DYNAMIC COMMUNITY DETECTION 57

The connection between spectral embeddings and community detection follows from
relaxed cut objectives (Equations 2.6 and 2.7). For k communities, the eigenvectors asso-
ciated with the k smallest nontrivial eigenvalues form an embedding matrix U € RIVI**,
whose rows represent nodes in a low-dimensional Euclidean space. Relatedly, conduc-
tance [196] is a common metric for evaluating the quality of a community by measuring
the fraction of its incident edge volume pointing outward, i.e., to its complement C;, so

Caut(C, Gy)  eut(C;, CY)
Conductance(C;) = vol(C)~ 2my+ ut(Cy, )’ (4.1)

where m; is the number of edges internal to C;. Low values indicate that most incident
edge volume remains inside the community, whereas high values indicate a compara-
tively large boundary. For graph bipartitioning, conductance is often symmetrized by
normalizing the cut by min{vol(C;), vol(C;)}. Cheeger’s inequality formalizes the rela-
tion between this normalized bipartition conductance and the spectrum of the normal-
ized Laplacian by linking the second smallest eigenvalue to the conductance of the best
cut [24], which explains why Laplacian eigenvectors can reveal assortative communities.
This cut-based view is also related to statistical-physics formulations of community
detection. In Potts-type models, nodes are assigned discrete states corresponding to
communities, and the objective is written as an energy function over neighboring or
expected node pairs [144]. Aligned states along observed edges reduce the energy, while
interactions induced by a null model penalize assignments that would also be expected
at random. Such formulations connect spectral relaxations, modularity-like objectives,
and spin-system (ferromagnetic) interpretations, and provide a basis for later temporal
extensions through inter-slice couplings [111], explored in Section 4.2.2.
Matrix-factorization approaches provide a related but distinct view. Methods such
as non-negative matrix factorization (NMF) are applied to a matrix (e.g., the adjacency
matrix) based on low-rank factors under non-negativity constraints, e.g., by square-loss
approximation, employed by various community detection methods [73, 187]. For a
symmetric graph, A ~ WW ', where the rows of W encode non-negative community-
membership strengths — as nodes may have positive weights in multiple communities,
the method naturally supports mixed (overlapping) memberships. For directed graphs,
A ~ WH' instead, where W and H represent source- and target-side latent factors.
Attribute-aware variants and constrained factorizations further allow structural and
contextual information to be combined, producing communities that are coherent in
both topology and feature space, or by combining different graph operators in joint
factorization procedures [194]. Despite this flexibility, spectral and factorization-based
methods may still become expensive for large graphs, depending on the chosen opera-
tor, the number of communities, and the sparsity of the graph — related to the spectral
gap of the operator, which influences the number of iterations required for convergence.
When exact or high-accuracy relaxations are computationally impractical, heuristic op-
timization methods provide an alternative by trading optimality for scalability.

Spectral properties of dynamic communities

Dynamic community detection adds a temporal dimension to the spectral framework.
Instead of seeking only a partition of V, the general objective becomes recovering com-
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munity assignments that remain coherent across graph snapshots or event times. Al-
though this can be approached by applying spectral methods independently at each
snapshot and aligning the resulting partitions, an alternative is to instead encode struc-
tural affinity and temporal persistence in a single spectral problem, allowing joint tem-
poral operators to recover smoothly evolving communities under suitable assumptions
[51] and avoid the need for label alignment as a post-processing step.

The statistical physics interpretation also extends naturally to this setting. In static
graphs, Potts-type formulations assign a discrete state to each node and minimize an
energy function that rewards aligned states along observed edges and penalizes align-
ments expected under a null model [42, 144]. In temporal graphs, additional couplings
can be introduced between time-adjacent copies of the same node, encouraging commu-
nity assignments to remain stable unless the data support a transition. This is the same
principle underlying multislice modularity [111], based on a supra-graph operator.

Spectral methods arise because these quadratic or energy-based objectives can of-
ten be relaxed into eigenvalue problems. For temporal graphs, this may involve supra-
adjacency, supra-Laplacian, modularity, non-backtracking, or Bethe-Hessian operators
(see Section 2.2.2). Their informative eigenvectors separate structural modes from noise
and provide low-dimensional embeddings for temporal node copies. The choice of oper-
ator is important: ordinary Laplacian methods can localize on high-degree nodes or dis-
connected components in sparse graphs, whereas non-backtracking and Bethe-Hessian
constructions are often better suited to sparse regimes near detectability limits [51, 168]

Detectability thresholds are usually formalized on planted community structures gen-
erated by a known model, under the assumption that the detection method is statistically
consistent, i.e., it recovers the true partition as n — oo [205]. In the static stochastic
block model, recovery depends on a signal-to-noise ratio determined by the separation
between within- and between-community connection rates relative to graph sparsity.

For a symmetric planted partition SBM with % equally sized groups, average within-
community affinity a, and average between-community affinity 0, the signal-to-noise
(SNR) ratio for community recovery and detectability threshold may be expressed as

(a —b)*

SNRsaic:
U ke (a+ (k— 1)b)

> 1. (4.2)

Below this threshold, the planted partition is statistically indistinguishable from random
fluctuations in the sparse limit, even if the graph was generated with latent groups.
Temporal persistence changes this threshold by coupling observations of the same
(latent) labels across time, so the detectability of evolving communities can be charac-
terized by an effective SNR that scales the static ratio by a temporal-persistence gain,
(a — b)? 1+n

SNR, namic — : 17 .
o Kla+(—10) 1-n (4:3)

where a and b are the average within- and between-community affinities (block proba-
bilities), k is the number of communities, and 1 € [0, 1) controls the temporal correlation
of community assignments. As 7 — 0, consecutive labels become independent and the
gain (1 4+ 7n/1 —n) — 1, recovering the static threshold of Equation 4.2; meanwhile, as
n — 1, persistence makes the effective SNR diverge, so arbitrarily weak structure be-
comes detectable given enough temporally coupled snapshots. Note that node and edge
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attributes may further improve detectability when informative of community member-
ship [117], provided the model explicitly incorporates these signals in its formulation.
The dynamic case may therefore be read as an extension of the static planted partition
setting. When community labels are persistent across snapshots, repeated observations
reinforce the same latent partition and lower the structural separation required for re-
covery. When labels are weakly correlated, the benefit of temporal coupling vanishes
and the problem approaches the static sparse SBM detectability regime. This distinction
will be used in Chapter 5, where the generator parameter 7 controls community stability
directly: n = 1 yields fixed memberships across snapshots, while = 0 yields indepen-
dent uniform reassignment under the symmetric transition parameterization, and 7 in
Equations 4.2 and 4.3 may therefore be interpreted as analogous to a temporal SNR ratio.
The spectral properties of the temporal operator therefore determine which struc-
tural and temporal signals are recoverable, which clarifies when the problem is statisti-
cally feasible. The next sections use this connection to discuss temporal adaptations of
modularity optimization and inferential models for dynamic graphs, which provide the
theoretical basis for the methodological contributions introduced later in the thesis.

4.2.2 Heuristic optimization of quality functions

Numerous methods propose to detect communities by optimizing a quality function that
measures the ‘goodness’ of a partition, usually relying on assortative assumptions.
Heuristic approaches to community detection operationalize structural definitions of
communities through efficient, approximate optimization procedures. Like with cut-
based objectives, such methods often assume ‘good’ partitions contain many edges
within groups and comparatively few edges between them — such as Kernighan-Lin
[81], one of the earliest algorithm examples, which iteratively swaps nodes between
two groups to improve a cut-based objective. Similarly, Girvan-Newman [53] removes
edges with high betweenness centrality to separate densely connected subgraphs; while
label propagation provides a more local alternative, where nodes iteratively adopt labels
from their neighborhoods [178, 208]. These methods are intuitive and often scalable, but
depend on initialization, update order, stopping criteria, and implementation details, and
therefore may converge to different or suboptimal partitions, especially if parallelized.
A central family of heuristic methods instead optimizes an explicit quality function
over partitions. Given a candidate partition C, a quality function Q(C) assigns a scalar
score measuring how well the partition satisfies a chosen structural criterion. The ob-
jective then becomes finding the partition C* that maximizes (or minimizes) this score,

C" = argmax Q(C), (4.4)

where the search space contains all possible partitions of the graph — a combinatorial
problem that grows exponentially with the number of nodes. Because exact maximiza-
tion is generally NP-hard, practical algorithms rely on greedy optimization, local re-
finement, simulated annealing, or other approximate procedures that merge, split, or
reassign nodes when doing so improves the objective, i.e., when Q(C’) > Q(C) for a
candidate partition C’ derived from C, with no guarantee of reaching global optimality.
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Static modularity optimization

The most widely employed quality function is modularity [115], which compares the
density of within-community connections against the expected under a null hypothesis
— a ‘configuration’ (random) graph with the same degree distribution as the observed
network, usually Chung-Lu [23]. For a directed graph, modularity may be expressed as

1 d putd in
E— R R CC
=5, % (=250 ) dleney) 49
where ¢; is the community of node i, d** and d]i-n are the out- and in-degrees of nodes
i and j, respectively, m is the total number of edges, and d(c;,c;) = 1 when nodes i
and j belong to the same community, and 0 otherwise. The resolution parameter v = 1
(default) controls the community size scale, with v < 1 favoring larger communities.
Modularity can also be expressed as a sum over communities, which clarifies its in-
terpretation as a comparison between observed and expected internal connectivity:

L. de \’
Q=2 [E 7(2m) ] (4:6)
where L, is the number of within-community edges, and d. the sum of its node degrees.
Greedy algorithms such as Louvain [9] and Leiden [176] provide scalable approxima-
tions to modularity maximization. Louvain alternates between local node moves that
increase modularity and graph coarsening, producing a hierarchy of increasingly ag-
gregated communities — after all nodes are assigned, the graph is collapsed into a new
graph of communities (where each supernode represents a community), and the process
repeats until no further improvement is possible. Leiden follows the same general strat-
egy but adds a refinement phase that improves? the internal connectivity of communi-
ties and avoids some disconnected or poorly connected partitions produced by Louvain.
Because these algorithms are fast, simple to apply, and effective on large weighted or
directed graphs, they remain common choices for exploratory community detection.
Despite their practical success, modularity-based heuristics have several limitations.
First, the optimization landscape is highly degenerate: many partitions may have simi-
lar modularity values, and local moves can converge to different optima depending on
initialization and update order. Second, modularity has an intrinsic resolution limit [43]:
for any fixed value of -y, small but well-defined communities may be merged because the
null-model term depends on the total size of the graph. Third, modularity is a descriptive
score, not a statistical test; a high-modularity partition does not by itself quantify uncer-
tainty, provide a posterior distribution over partitions, or imply that the detected struc-
ture is statistically significant under a generative model [135]. These limitations moti-
vate comparisons with inferential approaches such as stochastic block models, where
model evidence, uncertainty, and graph reconstruction can be treated explicitly.
Connecting it to spectral theory, a modularity matrix M can be defined [116] as the
difference between the observed adjacency matrix and a null (configuration) graph, i.e.,

doued;]
M= A -y (4.7)

3Leiden’s refinement step introduces a well-connectedness assumption that guarantees communities
correspond to connected subgraphs and is shown to reduce time-to-convergence over Louvain [176].
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where d,; and d;, are the out- and in-degree vectors, respectively, as in Equation 4.5.
If C € {0,1}"** is a hard community-indicator matrix, modularity can be written as

Q= %ﬁ(CTMC), (4.8)

where corresponding edge normalizations follow for directed or weighted variants.
Relaxing the discrete constraints on C yields a spectral approximation in which nodes
are projected onto leading eigenvectors of M and then partitioned by thresholding or
clustering. Like with spectral clustering, the sign structure of the leading eigenvector de-
termines the split for bipartitioning, while the absence of positive eigenvalues indicates
that no modularity-increasing split is found under this spectral relaxation. Recursive
application produces multiple communities, with the number of positive eigenvalues
providing an upper bound estimate on the number of detectable communities — while
the trivial solution is yielded by an all-ones eigenvector, i.e., with an eigenvalue of zero,
where all nodes collapse to a single community resulting in a modularity score of () = 0.
This formulation provides a bridge to temporal modularity: in dynamic graphs, the
modularity matrix can be replaced by a supra-graph or temporal operator that includes
both intra-slice structure and inter-slice coupling. The next section builds on this for-
mulation to discuss two variants for discrete- and continuous-time temporal graphs.
Temporal modularity extends static modularity by incorporating time directly into
the quality function. Rather than detecting communities independently at each snap-
shot, temporal variants of the function optimize structural fit and temporal coherence
jointly. Next, two formulations are expanded upon: multislice modularity [111], which
represents time through discrete graph slices, and longitudinal modularity [10], which
treats interactions as time-stamped events (‘link streams’). Both are descriptive objec-
tives, with their matricial formulations connecting naturally to spectral optimization.

Multislice modularity optimization

Multislice modularity [111] extends the function to a sequence of snapshots by con-
structing a supra-adjacency matrix (Equation 2.10) encoding intra-slice (spatial) edges
and inter-slice (temporal) couplings, allowing for a single optimization problem to arise.
Snapshots consider different null graphs, and inter-slice couplings encourage corre-
sponding nodes to keep the same community assignment across time. For a temporal
graph with slices indexed by s, € T, multislice modularity ()\;s may be expressed as

1 . " di 9
Qus = % Z Z |:<A§j) - 75?;) Osr + 5ijszr:| 5<C§ e )> , (4-9)

s,r 1,]

where Az(j») is the adjacency matrix of snapshot s, d?" is the out-degree of node i in
s, d;‘; is the in-degree of node j in s, my is the number of intra-slice edges, 75 is the
slice-specific resolution parameter, and wjs, is the coupling between node j from s to r.

The normalization constant 2y is the total edge weight of the multislice graph, includ-
ing intra-slice edges and inter-slice couplings. In the common consecutive-slice case,
wjsr = w only when r = s & 1, so the parameter w controls how strongly commu-
nities are encouraged to persist over adjacent snapshots. Alternatively, nodes may be
coupled across its sequential appearances, similar to an “unrolled’ graph representation
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(Figure 3.3), or a ‘fully connected’ temporal graph may be used, where w;,, = w for all
s # r, which encourages global temporal coherence in community assignments.

This formulation can be represented as a modularity matrix over node-slice pairs. Let
Vr ={(i,s) : i € V, s € T} denote the set of temporal nodes and copies. The multislice
modularity matrix Myg € RIY7*Vrl can then be similarly expressed in block form as

Mys = diag(l\/I(l)7 e ,M(m)) + Q, (4.10)

where each intra-slice modularity block follows Equation 4.7, and €2 is the inter-slice
coupling matrix whose nonzero entries connect temporal copies of the same node across
slices according to wjg,. If CIVrlxk ig the (temporal) community assignment matrix, then

1
Qus = ﬂTr(CTMMSC) . (4.11)

This matrix form makes the relation to spectral modularity explicit: a binary C gives
the hard partition objective, while relaxing it to real-valued assignments yields the usual
spectral approximation. Greedy algorithms such as generalized Louvain or Leiden in-
stead optimize the same objective directly on the multislice graph. Lastly, note that, with
additional non-negativity and row-wise unit-normalization constraints, the relaxed as-
signments may also be interpreted as soft or mixed-membership community weights.

Longitudinal modularity optimization

A more recent extension proposes to compute time-aware modularity in a longitudinal
paradigm [10]. Instead of selecting a window length to bin events into snapshots, lon-
gitudinal modularity treats edges as time-stamped interactions, or a link stream. The
null model is adapted to account for the time that nodes spend in communities, and a
smoothness penalty discourages frequent community switches. This makes the objec-
tive suitable for settings where temporal continuity is part of the community definition.
Under the mean-membership link expectation model, the expected number of links
between two nodes is proportional to the geometric mean of their lifetimes within a
community. Let |T'| denote the total observation time, and |7} | the amount of time a
node 7 is found in community C. Longitudinal modularity can then be expressed as

(4.12)

1 dd™ \/Tic| |Ticl w
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where A;; counts the interaction between nodes i and j over the observation interval, m
is the total edge weight, d?"* and dyi»n are the corresponding temporal degrees, w controls
the smoothness penalty, and x; counts the number of times a node transitions between
communities across time, i.e., y; = Ztk er, Vif b — 1y > A, where A = 1 (default) is a
tunable parameter that defines the minimum time interval for a ‘switch’ to be counted.

The first term of Equation 4.12 rewards interactions among nodes assigned to the
same community, while the (temporal) null model corrects for expected links from long-
lived memberships, and the final term penalizes discontinuous community trajectories.
If memberships are fixed, the smoothness term, upper bounded by 2m — |V|, becomes
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constant and may be ignored during optimization; while the objective effectively reduces
to that of static modularity on the aggregated graph, where 7; = |T'| for alli € V.

This objective also admits a matrix form. Let A be the aggregated weighted adjacency
matrix of the link stream, and let p be a temporal presence vector whose entries encode
normalized node lifetimes. The longitudinal modularity matrix may be expressed as

(dout @ p) (din @ p>T
2m

M = A -~ : (4.13)
where © denotes elementwise multiplication, so My, is the difference between observed
temporal interactions and a rank-one null model weighted by node persistence, analo-
gous to the static modularity matrix but corrected for temporal activity. For a (temporal)
community assignment matrix CV71** a compact matrix objective may be defined as

Q1 = %Tr(CTMLC) —wS(0), (4.14)

and the smoothness term S(C), assuming fixed node ordering across time, rewritten as

_ 1 (t+1) _ ()
_%ZZHCiJr Ci 2 2m/

i€V teT;

i.e., the discrete sum of squared differences between consecutive time steps approximates
the continuous-time Riemannian integral of the Frobenius norm of the derivative of
C(t), up to a scaling factor determined by |€| or by an (optional) time discretization At.

This formulation yields a fully differentiable objective that can be optimized by
gradient-based methods, and is one of the contributions of this thesis. Chapter 7 presents
a graph neural network architecture designed for community detection in continuous-
time temporal graphs optimizing such an objective in an end-to-end fashion.

(4.15)

4.2.3 Inference and generative models

Inferential approaches to community detection treat the observed graph as a realiza-
tion of an underlying probabilistic model. Rather than optimizing a descriptive score
over partitions, they specify a generative process for edges and infer the latent com-
munity labels that best explain the observed network. This provides a principled basis
for likelihood-based inference, model selection, uncertainty quantification, and graph re-
construction by sampling from the fitted model. Among these approaches, the stochastic
block model (SBM) is the canonical generative model for community structure [74, 90].
In the simplest undirected binary SBM, each node 7 € V is assigned a latent commu-
nity label z; € {1,...,k}, and edges are conditionally independent Bernoulli random
variables given the labels. Let B € [0, 1]*** denote the block-probability matrix, where
B, is the probability of an edge between communities r and s. For a simple undirected
graph without self-loops, the likelihood of the adjacency matrix A € {0, 1} is

P(A | z,B) HBA” — lej)l_A” : (4.16)
1<J

A common special case assumes single within-community and between-community
probabilities p and ¢, so that B,, = p and B,s = ¢ for r # s. When p > ¢, the model
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generates assortative communities; when p < ¢, it generates disassortative structures.
This formulation is often found in literature as the planted partition model [26].

The basic SBM assumes that nodes in the same block are stochastically equivalent,
and therefore have the same expected connectivity pattern. This assumption, however,
is too restrictive for real networks, where degree heterogeneity is common even within
the same community. The degree-corrected model (DC-SBM) [80] relaxes this constraint
by introducing node-level parameters that modulate the expected number of edges while
preserving block-level structure. In a Poisson formulation, the likelihood amounts to

(9i 93' )‘Zizj ) o

P(A |z A 0) =[]
1)

1<J

eXp(_eiej)\ziZj) ; (417)

where A € RﬁXk contains block-level Poisson rates, and © contains node-level degree
parameters. The expected number of edges between nodes i and j is therefore 0,0, ..

Under the DC-SBM, block-level affinity is therefore now separated from node-level
degree propensities. Because the scaling of © and A is not identifiable without a con-
straint, a normalization is needed to ensure these two effects are identifiable. One com-
mon convention imposes ZMFT 0; = 1 for each community r; meaning that, inside
each community, the node-level parameters must sum to unity. The Poisson formula-
tion naturally permits multi-edges, but it approximates binary graphs in sparse regimes
where 0;0;).,.. < 1 for all node pairs, so the probability of multiple edges is negligible
and edge sampling behaves similarly to Bernoulli draws, as in the original formulation.

Several extensions adapt the SBM to richer forms of network structure. Nested
SBMs introduce hierarchical priors over groups and support multiscale model selection
through minimum-description-length principles [134]. Contextual or attributed SBMs
incorporate node or edge attributes into the generative process, allowing structural
and attribute-based evidence to jointly inform community assignments [34]. Mixed-
membership variants further relax the assumption that each node belongs to a single
block, representing communities as latent membership proportions rather than hard la-
bels. These extensions increase modeling flexibility, but also make inference more de-
pendent on the chosen priors, likelihood assumptions, and approximation scheme.

Although the main contributions of this thesis do not rely on SBM inference for de-
tection, stochastic block modeling provides a rigorous framework for controlled bench-
marking. By specifying the ground-truth labels, block affinities, degree heterogeneity,
and attribute mechanisms, one can generate graphs with known community structure
and tunable difficulty. This motivates the temporal SBM formulation introduced in the
next chapter, which extends these principles to time-varying attributed graphs and pro-
vides synthetic benchmarks for evaluating community detection methods.

Inference and detectability in temporal graphs

Among inferential approaches, temporal extensions of stochastic block models introduce
explicit priors for how community structure evolves over time. Rather than estimating
independent partitions for each snapshot, these models couple latent labels across time,
introducing temporal dynamics into their generative process. This provides a statistical
counterpart to temporal smoothness in descriptive methods: communities are inferred
as latent trajectories whose uncertainty can be quantified under the assumed model.
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A common assumption is that node community assignments evolve according to a
first-order Markov process. Transitions occur at discrete time steps, and the probability
of a node transitioning communities depends only on its current assignment — a simple
assumption that captures temporal dependence while keeping inference tractable [51].

Let T € [0, 1]*** be a transition probability matrix, where 77s gives the probability
that a node in community 7 at time ¢ — 1 transitions to community s at time ¢, i.e.,

P(sz) =s| 2= — 7") =T, (4.18)

u

In this setting, a special case arises when the transition matrix is symmetric and ho-
mogeneous, so all communities share the same persistence probability 7. In this case,

1—

P(zq(f) = zl(f_l)) =, P(zq(f) =s# Z,ff_l)) = k—?, (4.19)

so the probability of a node retaining its label 7, while the probability of switching to
any other community is uniform across the remaining £ — 1 communities. Then,

1_
7-:7,1+—_1(J—I), (4.20)

where I is the identity matrix and J is the all-ones matrix. Here, = 1 defines fixed
community assignments, 7 = 1/k yields independent uniform labels at each time step,
and 1 = 0 forces every node to switch to a different community at each time step.

In the same vein, a similar transition matrix parameterization may be considered,

T:nI—I—TnJ. (4.21)

In this form, 7 = 0 gives ii.d. uniform community assignments across time, whereas
n = 1 recovers the static-membership case. The diagonal transition probability is 7 +
(1 — n)/k, so n is not directly the probability of remaining in the same community.
Under this convention, the signal-to-noise ratio in Equation 4.3 interpolates between
persistent labels, where temporal observations reinforce the community signal, and the
iid. regime, where temporal information is not informative and the threshold equals
the static case. Equivalently, it should be noted that the two parameterizations describe
the same symmetric transition family under the relation n = ' + (1 — /') /k, where n
and 7’ are the diagonal probabilities given by Equations 4.20 and 4.21, respectively.

Inference for temporal SBMs therefore include estimating both structural parameters
and temporal transition parameters. Depending on the model, these quantities may be
estimated by maximum likelihood, posterior inference, Markov Chain Monte Carlo sam-
pling, expectation-maximization, or variational approximations. The resulting posterior
over label trajectories provides not only a partition at each time step, but also a proba-
bilistic description of community persistence and change. As in static SBMs, inference
continues to depend on the chosen priors, transition model, and approximation scheme.

Synthetic graphs generated under temporal SBM frameworks allow precise control
over community structure. They therefore provide a rigorous basis for benchmarking
dynamic community detection algorithms under known sparsity, noise, and time corre-
lation. The next chapter introduces the Temporal Attributed Degree-Corrected Stochas-
tic Block Model (TADC-SBM), the generative model developed in this thesis for produc-
ing attributed temporal graphs with ground-truth evolving communities, forming the
basis for the experimental evaluation presented in the following chapters.






Chapter 5

Algorithms and Benchmarks

Unveiling a complex network’s inner structure may be seen as the central challenge of
community detection — although not all networks clearly display well-defined functions.
In biological networks, for instance, communities may correspond to cellular mod-
ules responsible for specific tasks within a cell or organism. In other settings, however,
communities may instead describe regularities in the observed data, without necessarily
corresponding to a functional entity. This distinction is important: inferential methods
seek to explain observed connectivity through explicit generative assumptions, whereas
descriptive methods identify mesoscale structure through, e.g., objective functions.

The ambiguity becomes more pronounced in dynamic and attributed contexts. Tran-
sient interactions may obscure persistent organization, while considering node and edge
attributes may conflict with the structural or temporal signals. In such settings, validat-
ing communities as functional entities is difficult or beyond reach — and even the notion
of a ‘ground-truth’ partition in the real-world is often ill-defined [131]. This raises a cen-
tral interpretative challenge: the same network may support different partitions under
distinct modeling assumptions. Community detection is therefore best treated both as
modeling and evaluation problems: while the interpretation of detected groups depends
on the assumptions under which they are obtained, benchmarks can control the experi-
mental conditions under which methods are compared against known ground truths.

The theoretical discussion in Chapter 4 introduced community detection as a fam-
ily of descriptive and inferential approaches. This chapter develops two methodological
contributions from that background. The first follows the algorithmic route of the the-
sis: high-performance implementations of spectral and modularity-based algorithms for
community detection in temporal graphs, integrated with the NetworkX-Temporal soft-
ware ecosystem introduced in Chapter 3. The second follows the benchmarking route:
a generative framework for evaluating community detection methods on time-varying
attributed graphs under controlled structural, temporal, and attribute regimes.

The common motivation of this chapter is scalability under uncertainty: dynamic
community detection increases modeling complexity in time-varying attributed graphs,
as distinct signals may be reconciled to recover latent communities. At the same time,
evaluation remains an issue: real-world networks rarely provide reliable ground-truth
communities, and their observed topology may reflect multiple latent processes simul-
taneously. This chapter addresses both sides of the problem: how to make established
temporal clustering methods computationally practical, and how to evaluate competing
methods when structural, temporal, and attribute signals are known by construction.
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5.1 The TADC-SBM generative model*

Stochastic block modeling provides a probabilistic framework for generating networks
whose connectivity patterns are governed by latent group memberships. The Time-
varying, Attributed, Degree-Corrected Stochastic Block Model (TADC-SBM)? extends
this framework to generate dynamic graphs with evolving community structures, het-
erogeneous degree distributions, and community-aligned node and edge features [129].
The model is here employed as a controlled benchmark graph generator: by varying
structural, temporal, and attribute parameters, it becomes possible to evaluate and com-
pare community detection methods on known, controlled ground truths and signals.

5.1.1 Edge sampling procedure

Let G = (V, E®) denote the graph snapshot at time t € {1,...,T}, with n = |V|
nodes and k£ communities. Each node v € V has a community assignment P =
{1,...,k}, and the expected number of edges between nodes u and v depends on their
current memberships through a block matrix B. Each element B, is interpreted as an
edge propensity between communities r and s, corresponding to the expected number
of edges between the two groups. A degree correction vector 0 introduces node-specific
propensities, proportional to their expected degrees and normalized within each com-
munity. Together, these parameters allow the generator to combine group-level struc-
ture with heterogeneous degree distributions with controlled heterogeneity, including
heavy-tailed configurations commonly observed in empirical networks (see Figure 3.5).
For each snapshot, edges are sampled conditionally independently given the mem-
berships and model parameters. Following the Poisson degree-corrected SBM [8o],

A"~ Poisson ()\1(3) , (5.1)
where A{) is the observed edge (or multiedge) between nodes u and v at time ¢, and

M) = (0,6,B 0 o, (5.2)

where Al is the expected edge (or multiedge) between nodes v and v at time ¢, while
¢ € [0, 1] scales the sampled edge intensity and may be used to retain only a fraction of
potential interactions. The degree vectors may be generated from a power-law distribu-
tion with exponent oy, bounded by minimum and maximum expected degrees d,,;, and
dmax, before being normalized as required by the sampling procedure (see Figure 3.5).
The likelihood of an observed sequence of adjacency matrices may be expressed as

A(t)
t uv (1)
(A&ﬁ) e~ e

Al

PUANYL, | {2 B0, =]T1]

t=1 u<v

(5-3)

'Section partly published in: TADC-SBM: a Time-varying, Attributed, Degree-Corrected Stochastic Block
Model. Passos, NAR.A.; Carlini, E.; Trani, S. (2025). In Proceedings of the 3oth IEEE Symposium on
Computers and Communications (ISCC’25). IEEE Computer Society, Los Alamitos, CA, USA, 1-6.

*>Available on PyPI: https://pypi.org/project/tadc-sbm/. Distributed under the Apache 2.0 License.


https://pypi.org/project/tadc-sbm/

5.1. THE TADC-SBM GENERATIVE MODEL 69

This expression omits self-loops for simplicity: for small values of AY), the Poisson distri-
bution approximates a Bernoulli distribution, effectively producing a simple graph with
at most one edge between any pair of nodes. The implementation may generate multi-
graphs with self-loops before they are removed or projected to the graph representation
used in the benchmark. When simple (binary) adjacencies are required, sampled edge
counts may be projected to binary adjacencies by setting A"} = 1 whenever at least one
edge is sampled. If degree correction is not set, the model is simplified to a standard SBM
by setting #, = 1 for all nodes u. Note that the model is macrocanonical: the expected
number of edges is controlled by the parameters, but actual counts may vary across time.

Under this projection, the corresponding edge probability is 1 — e, An additional
parameter ¢ € [0, 1] introduces post hoc stochasticity: when ¢ < 1, sampled interactions
may be unobserved, producing sparser snapshots and allowing low-degree nodes (who
become isolated after edge removal) to disappear and reappear across time. This may
be used to model incomplete observations — useful for link prediction settings, where
only a fraction of the potential temporal edges is observed, which may be of interest for
other graph learning models focused on distinct downstream tasks.

Temporal dynamics and community stability

Temporal dynamics are introduced by allowing node memberships to evolve across
snapshots, following the dynamics introduced in Section 4.2. A transition matrix 7 (***)
dictates the probability of a node transitioning from a community r to s, such that
Pzt =s|2{) =r) =T, (5-4)
The parameter 7 € [0, 1] therefore effectively controls the probability of preserving com-
munity membership over time, i.e., the stability of temporal communities. Higher val-
ues of 1) generate stronger temporal signals, whereas lower values induce more frequent
transitions and weaken the temporal signal available to community detection methods.
By default, transition probabilities are parameterized so that each row of 7~ sums to
one. Following the detectability formulation for dynamic networks [51], one option is to
set the diagonal of 7T to 1 and distribute the remaining probability uniformly across the
other £ —1 communities, as in Equation 4.20. This interpolates between static communi-
ties (n = 1) and maximally unstable assignments ( = 0), where nodes always leave their

Figure 5.1: Illustration of the TADC-SBM model for a network with 10 nodes, 3 communities,
and 4 snapshots. Note how highlighted node (in red) changes its community membership over
time. For simplicity, initial node memberships and degree-correction parameters are omitted.
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current community. A symmetric alternative, given by Equation 4.21, assigns transition
mass uniformly across all communities, including the current one. Under this parame-
terization, the diagonal probability becomes 7+ (1 — ) /k, so that = 0 corresponds to
uniform random reassignment and 1 = 1 again preserves the current community.

The model also includes a parameter £ € {0, 1} controlling whether transition proba-
bilities are evaluated with respect to current or initial memberships. If § = 0, transitions
depend on the current community assignment, producing a standard Markovian evolu-
tion; if £ = 1, transition probabilities are instead anchored to the initial membership
assignment, allowing nodes to leave and later return to their original communities with
consistent probability 1 over time. This distinction makes it possible to generate different
forms of temporal organization, including drifting, recurrent, or more stable community
trajectories. Note that the transition matrix 7 may also be manually defined to encode
specific dynamics, such as preferential transitions between selected communities.

5.1.2 Feature attribution

TADC-SBM augments the generated temporal graph with node- and, optionally, edge-

level attributes. Node features are generated from community-aligned Gaussian mix-

tures: each community c is assigned a centroid ., and each node receives a d-

dimensional feature vector sampled around the centroid of its assigned community.
For a node u with membership z,, the feature vector x,, € R® is sampled as

Ty ~ N (s, 0°1), (5.5)

where 02 controls the within-community feature variance and I is the identity matrix.
Community centroids are sampled from a zero-centered normal distribution, so that

e ~ N<07 O-EI>7 (5.6)

where o2 controls the separation between community centroids in the feature space.
The ratio o./c therefore controls attribute relevance: larger values produce more
separable feature clusters, whereas smaller values make node attributes less informa-
tive for recovering community memberships. In the benchmarking setting considered
here, node features are generated once at the beginning of the process and remain fixed
across snapshots. This deliberately separates temporal variation in the graph topology
from the attribute signal, allowing models to be tested on whether they can reconcile dy-
namic structural information with static node-level features, and was chosen to provide

Adjacency Matched Nested Grouped

Figure 5.2: Community-aligned feature generation with TADC-SBM, adapted from [124]. Panels
show the adjacency matrix and matched, nested, and grouped clusters in the feature space.
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Type Clusters Impact

Matched k =k Features and graph structures align; strongest detection signal.
Nested k >k Features subdivide clusters; tests robustness to oversegmentation.
Grouped k <k Features merge clusters; tests robustness to undersegmentation.

Table 5.1: Comparison among different types of attribute feature relationships to graph clusters
in TADC-SBM, and their implications for model performance in community detection tasks.

a controlled setting for evaluating the interaction between topology, temporal dynamics,
and feature informativeness for both temporal and static graph encoders.

Edge features may be generated with a similar logic, using different distributions for
intra- and inter-community edges. For an edge (u, v), the edge feature vector z.,, is

N(O,I), Zy = Zu,

N(z1,1), 2z, # 2, (5:7)

~
xeuv

where z. controls the separation between intra- and inter-community edge-feature dis-
tributions, and 1 is an all-ones vector of the appropriate dimension. Larger values of z.
make edge attributes more informative with respect to community boundaries.

Hierarchical and nested feature spaces

The model also supports feature spaces whose cluster structure does not necessarily
match the topological community structure. In the matched setting, each graph com-
munity corresponds to one feature cluster. In nested and grouped settings, the number
of feature clusters k may differ from the number of topological communities k: several
communities may share similar attributes, or a single community may contain multiple
attribute subgroups, as shown in Figure 5.2. These configurations allow the generator to
control the agreement between structural and attribute signals, including hierarchical
structures, rather than assuming that topology and features encode the same partition.
This parameterization is useful for benchmarking methods under controlled signal
alignment and disagreement. Feature-only methods, such as k-means, provide a baseline
for attribute separability, while topology-only methods reveal how much community in-
formation is recoverable from the graph alone. Methods that jointly use topology and
attributes can then be evaluated according to whether they improve recovery when the
two signals are aligned, partially aligned, nested, grouped, or conflicting. Table 5.1 sum-
marizes the feature-space configurations and possible impact on model performance.

5.1.3 Benchmarking protocols with synthetic data3

The purpose of the TADC-SBM model is, instead of estimating communities from em-
pirical data, generating benchmark graphs in which the relevant signals are known by

3The content of this section was partly presented in: Benchmarking Algorithmic and Neural Approaches
for Temporal Community Detection. Passos, N.A.R.A. (2025). Lightning Talk at the International School and
Conference on Network Science (NetSci ’25), Jun. 2—6, 2025, Maastricht, Netherlands.
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construction. This allows community detection methods to be evaluated under con-
trolled structural, temporal, and attribute regimes, avoiding the ambiguity of real-world
metadata as ground truth [131]. In this setting, topology, temporal stability, and feature
informativeness can be varied separately, making it possible to isolate which source of
information a method is exploiting and how it performs in different scenarios.

This subsection does not attempt to derive a detectability threshold for TADC-SBM
— while static and temporal SBM thresholds are known for idealized structural settings
[51], their extension to time-varying, attributed, degree-corrected graphs is not straight-
forward. Feature signals may reinforce or conflict with structure signals depending on
whether feature clusters are aligned (matched, nested, grouped) with the communities.

The static and temporal signal-to-noise conditions introduced in Chapter 4 (Equa-
tions 4.2 and 4.3) are therefore used as theoretical reference points. The objective here is
empirical: to evaluate two simple baselines under controlled generated regimes, namely
k-means on the node feature matrix and spectral clustering on the adjacency matrix.
This provides separate measurements of the attribute-only and topology-only signals
for a specific baseline configuration, to improve interpretation of evaluation results for
graphs generated under different structural, temporal, and attribute regimes.

Baseline graph generation

The baseline graphs were generated with n = 1024 nodes, £ = 8 communities, and
T = 8 snapshots. Initial memberships were sampled uniformly, so that each node had
probability 1/k of belonging to any community at ¢ = 1. Edges were then sampled inde-
pendently at each snapshot using the Poisson degree-corrected SBM procedure described
in Section 5.1.1. Degree propensities followed a bounded power-law distribution with
exponent oy = 2, minimum degree d,;;, = 2, and maximum degree d,,,, = 20, yielding
generated graphs with observed average degree d,,, = 9.83 & 0.13 across snapshots.
Temporal variation was controlled only through the community-stability parameter
n, withn € {0,0.25,0.5,0.75, 1}. The transition matrix followed the symmetric param-
eterization described in Section 5.1.2: 7 = 1 preserves memberships across snapshots,
whereas 7 = 0 corresponds to uniform random reassignment at each transition. The
transition mode was fixed at £ = 0, so transitions depended on current memberships,
and the observation parameter was fixed at ( = 1, so all sampled interactions were re-

Dataset V| X(V) €] 2(&) |S| dY |C| |T| Q@ Cond
SBMn =1 1024 8192 36764 40269 1 32 8 8 0.433 0.476
SBMn = .75 1024 8192 38340 40095 1 32 8 8 0.102 0.778
SBMn =.5 1024 8192 38774 40213 1 32 8 8 0.062 0.815
SBM n = .25 1024 8192 38929 40259 1 32 8 8 0.052 0.824
SBMn =20 1024 8192 38707 40055 1 32 8 8 0.054 0.822

Table 5.2: Baseline graphs generated with TADC-SBM. |V| and |£| denote nodes and edges in
the temporal graph representation; (1) and X(&) denote the sum of nodes and edges over time,
counting repeated appearances across snapshots; |S| is the number of connected components; d"’
is the node-feature dimensionality; |C| and |T'| are the number of communities and snapshots;
and () and Cond. report modularity and conductance of ground-truth communities, respectively.
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Figure 5.3: Baseline performance on aggregated TADC-SBM graphs of Table 5.2. Attribute signal
(static) remains independent of 77, whereas structure signal becomes less informative as 7 — 0.

Table 5.3: Mean accuracy of k-means on node attributes and spectral clustering on graph struc-
ture. Results averaged over 15 runs; * indicates independence from 7 due to static node features.

tained. For evaluation, snapshots were reversed as G, = {G%T), N G%l)}, so that the
final snapshot contained the target community labels used for prediction.

Node attributes were generated once at the beginning of the process and kept fixed
across snapshots, simulating a scenario where the attributes are known and stable, while
the topology evolves over time. Node feature space has s = 32 dimensions, with within-
cluster variance 0 = 1 and centroid variance 02 = 6. The baseline setting therefore
varies temporal-topological stability while keeping the feature signal constant, allowing
topology- and feature-only comparison under the same experimental conditions.

Empirical topology and feature baselines

This baseline experiment separates two signals: graph structure and node attributes,
with the goal of measuring how much community information is available from each
source in isolation. Spectral clustering is used as the topology-only baseline by applying
it to the adjacency matrix of the generated (aggregated) graphs, while k-means is used
as the feature-only baseline by applying it directly to the node feature matrix.

The stability parameter 7) controls the temporal component of the structural signal.
When 7 = 1, community memberships remain fixed across snapshots, so topology re-
peatedly reflects the same planted partition. When 1 = 0, memberships are reassigned
uniformly at random under the symmetric transition parameterization, removing tem-
poral coupling between consecutive labels, similarly to the temporal-correlation param-
eter 77 from Equation 4.3, which may be interpreted as analogous in this setting.

The results in Table 5.3 and Figure 5.3 expose the intended separation between struc-
tural and attribute signals. As  — 0, spectral clustering rapidly degrades because the
final community labels become less aligned with the topology induced by unstable tem-
poral trajectories. The experiment identifies that performance approaches near-random
accuracy for n < 0.5, indicating that topology alone becomes weakly informative un-
der low temporal stability — although the number of snapshots and other parameters
(Equation 5.3) may influence the exact point at which this effect is observed for other
graph simulation settings. In contrast, k-means on node attributes remains stable, since
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the feature matrix is generated once, independently of 7, and remains fixed over time.
As shown in this example, TADC-SBM can isolate topology-only and feature-only
signals under controlled temporal regimes. Attributes provide an additional source of
signal outside the assumptions of the purely structural SBM and dynamic SBM, to which
a complete theoretical characterization of detectability jointly with structural and tem-
poral signals may provide a more rigorous understanding of the observed empirical be-
havior. As discussed, their interaction with topology is nontrivial: feature clusters may
match, partially align (nested/grouped), or conflict with the community structure, and
this alignment determines whether attributes reinforce or obscure the structural signal.
This strategy is therefore useful for evaluating community detection methods under
controlled conditions, and for identifying the regimes in which they are able to exploit
structural, temporal, and attribute signals to recover latent communities. The next sec-
tion and Chapter 7 use this generative framework to evaluate the performance of com-
munity detection methods and compare them against the baselines here described.

5.2 Scalable temporal community detection?

This section addresses the algorithmic problem of scaling temporal community detection
to large dynamic graphs, returning to two classical families of methods: spectral clus-
tering and modularity optimization. Both admit temporal extensions through snapshot
coupling, supra-graph representations, and multislice formulations, but become sub-
stantially more expensive once the temporal dimension is made explicit: supra-graph
representations increase the number of node copies with the number of snapshots, and
multislice formulations add inter-slice couplings accounted for during optimization.
The two routes operate over GPU-compatible supra-graph representations, in which
intra-slice edges encode the topology observed at each snapshot and inter-slice edges
encode temporal dependencies between corresponding node copies (Section 2.2). Ex-
pressed in this form, the two objectives map onto operations supported by the
NVIDIA RAPIDS ecosystem and cuGraph [119]. Implementations are exposed through
NetworkX-Temporal [128] with zero-code-change backends: nx-cugraph’s Python bind-
ings allow execution to be switched to the GPU by setting a single environment variable,
preserving the high-level workflow used for temporal graph construction and analysis.

5.2.1 Implementation details

The spectral route uses a Bethe-Hessian operator (Equation 5.8) compatible with GPU
sparse eigensolvers, as the matrix is symmetric and can be decomposed with available
GPU routines. Meanwhile, the modularity route optimizes a multislice objective over the
supra-adjacency matrix through greedy optimization with Leiden [176]. Both rely on
CUDA primitives for spectral decomposition and sparse matrix computations, allowing
the execution of temporal clustering objectives to be fully offloaded to the GPU.

4The content of this section is based on the preprint: Accelerating Dynamic Graph Clustering on GPU
Architectures with cuGraph. Passos, N.A.R.A,; Carlini, E.; Trani, S. (2026). Submitted to: the 6th Workshop
on Flexible Resource and Application Management on the Edge (FRAME ’26), 32nd International European
Conference on Parallel and Distributed Computing (Euro-Par ’26), 24-28 August, 2026, Pisa, Italy.
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Figure 5.4: Pipeline of the GPU-accelerated backend [147]. A temporal graph is assembled into
a supra-graph (Eq. 2.10); spectral routes are available for the Bethe-Hessian and multislice mod-
ularity matrices, the latter also solved by Leiden optimization, all fully on-GPU within RAPIDS.

To the best of current knowledge, this is the first RAPIDS/cuGraph backend for tem-
poral community detection, making GPU acceleration available without leaving the tem-
poral graph abstractions presented throughout this thesis, materialized in the software
presented in Section 3.1. The recovered communities are accordingly those favored by
the spectral or modularity-based objectives, discussed in Section 4.2. Note that these
contributions focus on temporal graphs without attribute features (non-annotated), and
do not address the integration of node or edge attributes into the optimization objectives.

Spectral clustering via the Bethe-Hessian

The spectral route is motivated by the limitations of ordinary Laplacian spectra in sparse
graphs near detectability limits (Section 2.2.2), where non-backtracking operators pro-
vide a more robust alternative for recovering assortative community structure.

In spite of the temporal non-backtracking operator being well-defined (Equa-
tion 2.11), its direct GPU implementation is impractical in the current ecosystem. Al-
though ARPACK’s non-symmetric Arnoldi routines are available in SciPy [183], they
require CPU-side iterations of per-step host-device transfers (matvec callbacks), which
largely defeats the purpose of GPU acceleration due to the introduced repeated syn-
chronization and data transfers between CPU and GPU devices. Moreover, GPU-based
eigensolvers are currently restricted to symmetric (Hermitian or positive-definite) ma-
trices, so the asymmetric non-backtracking (Hashimoto-type), which is direction-aware,
cannot be directly decomposed with available CUDA primitives. However, the Bethe-
Hessian operator is symmetric and retains asymptotic optimal properties, making it a
suitable principled alternative that allows the spectral route to be fully executed on GPU.

The asymmetry of the non-backtracking operator arises from its directionality, which
may be relaxed for the purpose of clustering®. It is therefore possible to reformulate it
as a symmetric problem by considering a distinct operator that retains similar spectral

SDirectionality is important for, e.g., causal inference, where non-backtracking walks encode ordered
propagation across time. Such an application is outside the scope of this chapter, but a discussion on the
potential of the operator as a principled primitive for pooling [59] is found in the conclusion (Part IV).
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properties. The implementation uses a Bethe-Hessian (Equation 2.12) reformulation,
Hsuprao,) — (7,2 o 1)]: — pASWPTA Dsupra7 (58)

where AS"P® is the supra-adjacency matrix (Equation 2.10), D®"P™ is its degree matrix,
and r is a regularization parameter. In static graphs, at r &~ /c, the number of negative
eigenvalues estimates the number of communities [88]; a similar procedure may extend
to the temporal case, allowing the GPU-based spectral route to be fully executed on the
supra-graph representation, although the optimal choice of r for temporal Bethe-Hessian
constructions is not yet fully characterized [29], and likely depends on temporal coupling
strength, number of snapshots, and degree heterogeneity of the supra-graph.

This route is presented as an alternative spectral pathway rather than the main object
of the runtime evaluation presented next; its systematic assessment across detectability
regimes, including the effects of temporal coupling and supra-graph sparsity, remains
an ongoing effort. Its role here is to show that a principled spectral formulation can be
made compatible with GPU execution in temporal graph settings, yielding a complete
GPU-based spectral clustering pipeline that is fully integrated with the temporal graph
abstraction used throughout this thesis and the software presented in Section 3.1.

Multislice modularity via spectral approximation

The same supra-graph eigendecomposition admits a second spectral route, targeting the
modularity objective directly rather than the detectability regime. Relaxing the assign-
ment matrix C in Equation 4.11 to real values yields the standard spectral approximation
of multislice modularity, whose solution is given by the leading eigenvectors of the mul-
tislice modularity matrix Mg (Equation 4.10); embeddings of the temporal node copies
may then be clustered with k-means, also available on GPU through cuML [120].

This route reuses the same GPU sparse-eigensolver as the Bethe-Hessian formula-
tion, differing only in the operator decomposed and in the relevant end of the spectrum:
the informative directions of Mg are its most positive eigenvalues, whereas those of
H®"P(r) are its negative ones. It thus provides a spectral counterpart to the greedy
Leiden route, optimizing the same multislice modularity objective through eigendecom-
position, and integrated with the NetworkX-Temporal software.

Implementation proceeds by enumerating temporal node copies, assembling the
supra-adjacency matrix (Equation 2.10) as a compressed sparse row (CSR) matrix, and
adding bidirectional inter-slice couplings for nodes shared by consecutive snapshots.
Instead of materializing the dense multislice modularity matrix Mg, the matrix-vector
product required by the eigensolver is computed implicitly by rank-one corrections

)d® " x®
Mysx = A™Pix Zv , (5.9)

where x®) denotes the slice of x corresponding to snapshot ¢. This avoids storing the

dense modularity matrix, which would require O(N_,,,) memory, and instead only re-

quires O(Ngupra + >, N') memory for the sparse supra-adjacency matrix and the de-
gree vectors of each snapshot. The leading eigenvectors are then row-normalized and
clustered with k-means, after which temporal node labels (memberships) are obtained.
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Multislice modularity via Leiden optimization

The modularity route optimizes the multislice objective of Equation 4.9 on the supra-
graph. The supra-adjacency matrix encodes both intra-slice edges and inter-slice cou-
plings of strength w, so that a single optimization problem is defined over all node-
snapshot pairs. Community labels are thereby made comparable across time through
the coupled optimization itself, avoiding a separate post hoc matching step between in-
dependently clustered snapshots, often required in static clustering pipelines.

Optimization is performed by Leiden optimization [176], executed through cuGraph.
The method remains heuristic and inherits the usual limitations of modularity optimiza-
tion, including sensitivity to the resolution parameter -, the inter-slice coupling w, and
the assumption of assortative structure [43]. Its advantage is computational: Leiden
scales to large sparse graphs, and its GPU implementation exploits the parallel graph
primitives of the RAPIDS ecosystem, with multi-GPU execution available through Dask-
based workload distribution [30]. This makes large-scale temporal modularity optimiza-
tion practical in settings where CPU execution would otherwise be prohibitive.

Unlike the spectral routes, here presented for completeness, multislice Leiden is the
main empirical target of this section. A directed comparison is presented against a
CPU reference implementation on the same supra-adjacency representation and under
a matched optimization budget, isolating the effect of GPU acceleration on the runtime.

5.2.2 Experimental evaluation and discussion

The experimental evaluation focuses on temporal-versus-temporal runtime comparison:
the GPU-based Leiden backend, optimizing a global null model (Eq. 4.5) on the supra-
graph as a proxy for Qs (Eq. 4.9) [119], is measured against its multislice and snapshot
CPU reference [176, 177]. Because the implementations differ in stopping criteria, All
runs are capped at two optimization passes, matching the leidenalg default. The re-
ported runtime therefore measures execution under a fixed, equal-work budget rather
than time-to-convergence, allowing for a performance comparison between backends.

(a) Leiden (CPU, multislice) Bl Leiden (GPU, supra-graph) (b) SBM artificial graphs
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Figure 5.5: Runtime evaluation [147]. (a) Execution time of the GPU supra-graph method against
the CPU multislice baseline across real-world datasets (log scale). (b) Effect of independently dou-
bling each axis (nodes, edges, snapshots) on runtime over synthetic SBM instances. Algorithm
runs were limited to two iterations only. Results and standard deviation reported over five runs.
Experiments conducted on an Intel Xeon Gold 6330 (CPU) and an NVIDIA A1oo 80GB (GPU).
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In general, observed speedups are substantial, but scale-dependent. On large tempo-
ral datasets, the GPU backend reduces execution times by one to nearly three orders of
magnitude, with the largest gains appearing on datasets whose supra-graph construction
and multislice optimization are expensive on CPU. The strongest case is the Patent [68]
dataset, where runtime decreases from approximately 1397 s to 1.4 s, corresponding to a
speedup close to 978 x. Other large-scale graph datasets also show consistent improve-
ments, while dense but low-snapshot graphs yield more modest gains. These results
indicate that the advantage of the GPU backend offers a surrogate optimization strategy
for temporal community detection workloads in cases it is otherwise intractable.

The evaluation also identifies two boundary regimes. For small static graphs, CPU
execution can remain faster because kernel launch and data-transfer overhead dominate
the actual computation. At the other extreme, graphs with a very large number of snap-
shots expose a scaling limit of the supra-graph construction itself: inter-slice couplings
grow with the temporal dimension, and graph construction may become the dominant
cost even when optimization is GPU-accelerated. Synthetic SBM graphs are therefore
used only to characterize scaling behavior along individual axes, such as nodes, edges,
and snapshots, rather than to make head-to-head speedup claims against CPU baselines.

Dataset GPU supra-graph CPU multislice CPU snapshots

nx-temporal/cugraph leidenalg/igraph leidenalg/igraph
Coraf[197] 0.36 +0.44 0.24 £ 0.03 0.17+0.03
CiteSeer'[197] 0.32 +0.33 0.27 £ 0.03 0.18+0.01
Brain [141] 56.33 £ 2.60 154.74 + 8.52 16.99 £ 2.36
Dblp [209] 6.58 £0.75 145.49 £+ 5.22 7.84+£0.99
Patent [68] 1.43 +£0.47 1396.98 + 131.81 1.35+0.14
PubMed [146] 1.56 +0.71 47.44 + 3.60 1.20 £0.02
School [106] 211.05 £ 11.59 ooT 12.45£0.92
ArxivAl [99] 15.37 £0.59 336.31 £4.87 17.59 £0.52
ArxivCS [99] 29.18 £1.18 916.28 £ 131.60 33.51 +1.86
ArxivLarge? [99] 589.69 + 209.10 0o0T 00T
ArxivMath [99] 21.19+£1.17 1357.72 + 96.97 43.20 £ 1.78
ArxivPhy [99] 520.93 £ 175.76 ooT ooT
SBM [129] 29.01 £1.73 175.56 = 11.92 62.28 + 3.30
SBM-N [129] 62.16 £ 3.82 440.75 £ 52.19 130.89 £4.73
SBM-E [129] 57.16 +2.33 304.83 £ 18.26 83.21 +1.37
SBM-T [129] 86.75 + 3.47 698.64 £ 73.16 123.67 £ 2.31

Table 5.4: Runtime comparison for temporal Leiden community detection. Values are mean
seconds =+ standard deviation over five runs; OOT denotes runs exceeding the 1-hour timeout.
All runs use a fixed budget of two optimization passes; GPU times include transfer of the supra-
adjacency matrix to device memory. CPU Leiden-over-snapshots results report the cost of inde-
pendent optimizations on each snapshot without temporal coupling. t: Static graph baselines. i:
The largest dataset, where a single run of the CPU multislice backend required 21502.9 s (= 6 h).
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Dataset |V 2(V) €] 3(E) | |C]|
Coraf[197] 2708 2708 5278 5278 1 7
CiteSeer[197] 3279 3279 4552 4552 1 6
Brain [141] 5000 60000 878207 947 744 12 10
Dblp [209] 28 085 101797 153 822 222165 27 10
Patent [68] 12214 41529 41916 41916 891

PubMed [146] 19717 37003 44324 44324 42

School [106] 327 309 006 7004 188508 7375

ArxivAl [99] 69 854 142316 696 819 696 819 27 5
ArxivCS [99] 169 343 374433 1157799 1157799 29 40
ArxivLarge [99] 1324064 4998 391 13649 351 13649 351 40 172
ArxivMath [99] 270013 614578 783165 783165 31 31
ArxivPhy [99] 837212 3917817 11703 425 11703 425 40 53
SBM [129] 50 000 250000 1250539 1251057 5 10
SBM-N [129] 100000 500 000 2500515 2501000 5 10
SBM-E [129] 50000 250000 2498067 2500045 5 10
SBM-T [129] 50 000 500000 2495376 2497636 10 10

Table 5.5: Dataset properties. |V| and |€| denote nodes and edges in the static graph represen-
tation; X(V) and X(&), the total sum of nodes and edges over time, i.e., counting as many times
as they appear across snapshots; | 7| and |C/| are the number of snapshots and communities. The
T marks static graphs used as single-snapshot baselines, commonly found in the literature. Real-
world dataset descriptions and neural baselines are provided in the experiments of Section 6.2.2.

Lastly, note that the supra-graph construction still begins on CPU, so reported GPU
times include transfer to device memory — a one-time, snapshot-dependent cost that
is amortized over optimization passes. Nonetheless, GPU-accelerated optimization of-
fers a scalable algorithmic route for community detection tasks, as the runtime results
summarized in Table 5.4, plus the comparison and scaling behavior in Figure 5.5 show.

Additional spectral routes were also tested: on the SBM base graph, spectral modu-
larity required 31.25 £ 1.46 s and Bethe-Hessian required 40.23 + 1.86 s on GPU. The
igraph [28] built-in Leiden algorithm was also evaluated as a faster static-snapshot back-
end, but is not included in the comparison as it does not provide the temporal multislice
formulation used by the coupled CPU reference. Note that except for the Bethe-Hessian
route, which is optimal in the sparse SBM regime here evaluated, these methods remain
restricted to non-attributed graphs, and do not address the integration of node or edge
attributes into the optimization objectives. Furthermore, spectral modularity inherits
the same assortative assumptions and resolution sensitivity as the standard variant.

For time-varying attributed graphs, the GPU-accelerated multislice Leiden backend
provides an algorithmic baseline against which neural methods may be compared, par-
ticularly the temporal modularity-based model introduced next. Chapters 6 and 7 pro-
vide the learning-based counterpart to this algorithmic perspective: first by introducing
the foundations of learning on graphs, and then by developing the neural architecture
for temporal community detection that forms the main empirical target of this thesis.
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Learning on Graphs

Theoretical ambition without empirical research
may well be vacuous, but empirical research
without theoretical ambition will be blind.

IAN SHAPIRO (2002)






Chapter 6

Machine Learning on Graphs

Methods based on artificial neural networks have become central to learning on graph-
structured data, contributing to a broader shift from hand-designed graph features to-
ward end-to-end representation learning. In this setting, graph neural networks (GNN5s)
provide a general framework for learning node-, edge-, and graph-level representations
directly from relational (i.e., non-Euclidean) structure and associated attributes — which
now constitute one of the dominant paradigms in machine learning on graphs [102, 190].

The motivation for such models is that standard machine learning architectures are
not directly suited to graph-structured data. Models designed for images, text, or time
series usually rely on regular (Euclidean) domains, where locality, stationarity, and com-
positionality have relatively well-defined operational meanings. For instance, images are
arranged on grids, just like sequences have an ordering; and convolutional or recurrent
architectures can exploit these structures through shared filters or ordered transitions.

Graphs, by contrast, have no canonical node ordering, no fixed coordinate system,
and no universal notion of spatial proximity: two nodes may be close because they share
an edge, a role, a community, a path, or a higher-order relation. This has direct conse-
quences for learning: a model for graph data must be invariant or equivariant to node
relabeling, since permuting node identifiers does not change the underlying object. It
must also handle irregular neighborhoods, heterogeneous degrees, and dependencies
that may be local in graph distance but distant in low-dimensional embedding spaces.

Similarly, while hierarchical organization is common in graphs, it may arise through
communities, motifs, functional modules, or nested structures rather than through the
fixed spatial composition assumed by convolutional neural networks. These properties
define graph learning as a geometric and relational problem, first and foremost — which
GNNss address by learning representations through specific aggregation mechanisms.

This chapter reviews the main concepts for machine learning on graphs that substan-
tiate the neural community detection contribution of this thesis. It introduces neural
networks for graphs and the message-passing paradigm and discusses common GNN
architectures and their limitations, including oversmoothing, oversquashing, scalability,
and temporal modeling challenges. The chapter then turns to neural community detec-
tion, where learned node representations are used to recover communities through clas-
sification, clustering, or differentiable optimization of graph-theoretic objectives. This
provides the conceptual bridge to Chapter 7, where temporal graph neural networks are
evaluated and extended for community detection on time-varying attributed graphs.
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6.1 Neural networks for graphs

Neural networks for graphs inherit the general motivation introduced above: learning
must be performed on relational data without relying on a canonical node ordering.

Early machine learning approaches for graphs addressed this problem through fea-
ture engineering. Nodes, edges, subgraphs, or entire graphs were represented by explicit
descriptors, such as node degree, clustering coefficient, centrality measures, graphlet-
degree vectors, neighborhood-overlap scores, or graph- and subgraph-level graphlet’
frequency distributions [161]. Such descriptors allowed conventional classifiers and
clustering algorithms to be applied to graph data, but their quality depended strongly
on the chosen features and on the scale of structure they were designed to capture.

Graph representation learning later reduced this dependence on manual descriptors.
Skip-gram methods [60, 138, 173] automated part of the feature-extraction process by
sampling local neighborhoods and mapping nodes to low-dimensional, real-vector space,
so that nodes with similar structural roles or neighborhood co-occurrence patterns were
close together. While these functions preserve notions such as local proximity, struc-
tural similarity, or higher-order neighborhood co-occurrence, representation learning
and downstream tasks were decoupled: embeddings were learned independently of the
task at hand, and used as input to a separate classifier or clustering algorithm.

Neural networks designed for graphs [56, 157] marked a further step in this progres-
sion by making representation learning task-adaptive. Rather than relying on predefined
descriptors or precomputed embeddings, node representations were learned through dif-
ferentiable aggregation over graph neighborhoods. Topology, node and (when available)
edge attributes were then combined within the same trainable encoder, under super-
vised, semi-supervised, self-supervised, or unsupervised settings. This was a relevant
advancement for machine learning on graphs, where the information used for, e.g., clas-
sification or regression tasks was learned from both structure and attribute signals.

In temporal graphs, the same principle was extended with mechanisms accounting
for evolving structure, time-dependent features, and historical interactions, usually by
combining graph encoders with memory, recurrence, attention, or other mechanisms
that determine how past information affects current representations [21, 50, 94]. Tem-
poral graph learning therefore adds a second axis of representation learning: the model
must aggregate information not only across neighborhoods, but also across time.

Downstream tasks on static and temporal graphs are commonly organized by the
level at which predictions are made. Node-, edge-, and graph-level tasks include clas-
sification (discrete-valued) and regression (continuous-valued) predictive tasks. In this
context, clustering and community detection are the unsupervised counterparts of node-
level classification, where the goal is to assign nodes to groups, making community de-
tection a natural application of graph representation learning, where the loss function
approximates the underlying community structure by optimizing an end-to-end differ-
entiable (usually spectral) relaxation of a graph-theoretic objective [179].

The following sections introduce the message-passing paradigm underlying most
GNN architectures, then review common layer mechanisms and extensions, including
graph convolutional, attention-based, higher-order, and temporal message-passing mod-
els, with special attention given to their limitations and adaptations to temporal graphs.

'Small connected n-node subgraphs that describe a network in terms of local structural patterns.



6.1. NEURAL NETWORKS FOR GRAPHS 85

Message-passing learning paradigm

In general terms, a GNN is operationally defined by local information exchange: node
representations are updated by aggregating information from neighboring nodes. This
requirement distinguishes graph learning from learning on ordered Euclidean domains,
since the model output should not depend on the arbitrary ordering used to index the
nodes. Such a requirement is usually fulfilled through the use of permutation-invariant
operations, such as sum, mean, or maximum, combined with shared update functions
that are equivariant to node relabeling, such as neural networks with shared weights.

The most common formalization is the message-passing paradigm [52]. At layer ¢,
each node ¢ has a hidden representation hl@. A message function first computes infor-
mation exchanged between node ¢ and its neighbors, optionally using edge features e;;,
and a permutation-invariant operator aggregates these messages, expressed as

m” = @ ¢ (0”00 e;). (61)

JEN(9)

where N (i) denotes the neighbors of node i, ¢ is a learnable message function, and P
is a permutation-invariant aggregation operator, such as sum, mean, or maximum. The
node representation is then updated using its previous state and the aggregated message,
b =y (b, m”), (62)
where 1) is a learnable update function, typically implemented by a neural network fol-
lowed by a non-linear activation function, such as ReLU [48]; while edge features may
encode additional information, including edge weights, signs, labels, and timestamps.
Equations 6.1 and 6.2 describe a broad class of message-passing architectures. Dif-
ferent GNN layers correspond to distinct choices of message, aggregation, and update
functions. For example, graph convolutional layers use degree-normalized weighted
sums, while attention-based layers learn neighbor-specific weights during aggregation.
In supervised or semi-supervised settings, these functions are trained by backpropaga-
tion from task labels; in unsupervised or self-supervised settings, they may instead be
optimized through reconstruction, contrastive, clustering, or graph-theoretic objectives.
After L layers, the final node embeddings hz(-L) may be used directly for node-level
tasks, such as node classification, anomaly detection, or community assignment. For
edge-level tasks, representations are usually obtained by combining the embeddings of
the two incident nodes, for example by concatenation, inner products, or element-wise
operations, followed by a learnable prediction function. For graph-level tasks, node em-
beddings are aggregated into a whole-graph representation through a readout function,

he = U (@ o (hf”)) , (63)

eV

where ® and ¥ are learnable functions and €p is again permutation-invariant. This
readout may be applied after the final layer, or combined with mechanisms to obtain ag-
gregated representations, such as hierarchical pooling strategies [59, 139], among others.

The depth of a message-passing network controls the size of the receptive field: after
L layers, a node embedding may contain information from nodes up to L hops away.
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Figure 6.1: Message-passing mechanisms in GNNs. Top: target node and its receptive field in
blue. Bottom (left to right): a GCN layer aggregates degree-normalized neighbor representations;
a GAT layer learns neighbor-specific weights « that rescale them; and a general message-passing
layer applies a learnable function ¢ that synthesizes a new message pre-aggregation [52, 84, 181].

This is useful for incorporating broader structural context, but it also introduces well-
known limitations. Repeated aggregation may cause node embeddings to become in-
creasingly similar, reducing their discriminative power, a phenomenon known as over-
smoothing; conversely, information from many distant nodes may need to be compressed
through narrow graph bottlenecks into fixed-size vectors, leading to oversquashing [211].
Deep (multilayer) GNNs may also suffer from memory costs and poor scalability, es-
pecially when extended to temporal graphs, which require additional mechanisms to
handle evolving structure, temporal dependencies, and changing node or edge features.

Several architectural mechanisms have been proposed to mitigate these issues,
including residual and jumping-knowledge connections, attention mechanisms, nor-
malization, graph rewiring, sampling strategies, early-exit schemes, and higher-order
message-passing operators. The following sections review some of the most common
layer mechanisms and extensions, emphasizing their trade-offs in model expressivity
and scalability, as well as suitability for downstream node-level clustering tasks.

6.1.1  Graph neural network architectures

GNN architectures may be broadly organized according to the layer mechanisms used for
message construction, aggregation, and update. This taxonomy is not exclusive: practi-
cal models often combine convolutional, attentional, recurrent, pooling, or higher-order
components depending on the task, graph structure, available features, and whether the
setting is transductive or inductive. Nevertheless, distinguishing these layer families
is useful to understand the assumptions and inductive biases of different GNN architec-



6.1. NEURAL NETWORKS FOR GRAPHS 87

tures, especially their trade-offs in terms of efficiency and suitability for node clustering.

The following subsections present graph convolutional and attentional layers, two
common message-passing implementation standards, before moving on to higher-order
and temporal extensions addressing locality and dynamicity constraints in the topology.

Graph convolutional layers

Graph convolutional layers generalize the idea of convolution to graph-structured data
by aggregating information from neighboring nodes according to the graph topology. In
spectral formulations, convolution is defined through the eigenbasis of a graph Lapla-
cian, so that filters operate on graph signals in the graph Fourier domain. Let A be the
adjacency matrix, D the degree matrix, and L a graph Laplacian, as introduced in Sec-
tion 2.2.1. A graph signal can then be filtered by a function of L, but computing such
filters exactly requires eigendecomposition of the Laplacian, which is expensive for large
graphs and difficult to reuse across different graph structures.

Localized spectral filters reduce this cost by approximating the filter as a polynomial
of the Laplacian. Chebyshev networks [33], for example, restrict the filter to a K-hop
neighborhood by using a polynomial of degree K. The Graph Convolutional Network
(GCN) from [84] further simplifies this construction by using a first-order approxima-
tion, corresponding to /' = 1. In message-passing form, a GCN layer updates node 7 by
aggregating degree-normalized features from its neighbors and itself:

m? = 3 L won?, (6.4)
senugy V4l
B =g (m”), (65)

where d; and d; denote node degrees, W® is a learnable weight matrix, and o is a non-
linear activation function. The inclusion of self-loops allows each node to preserve part
of its own representation during aggregation, standard among GCN-based models.

In matrix form, the same propagation rule is commonly written as a single operation,

HED — (f)—%Af)—%H“)W(f)) , (6.6)

where A = A +1 adds self-loops, D is the corresponding degree matrix, H® = X is the
input feature matrix, and H) ¢ RIVI*¥ “ contains the node embeddings at layer /. The
symmetric normalization controls the scale of the aggregation and improves numerical
stability when stacking layers. Since the operation is sparse and local, its computational
cost scales with the number of edges, making GCNs suitable for large sparse graphs.

Stacking multiple GCN layers increases the receptive field: after L layers, each node
representation may contain information from its L-hop neighborhood. This is useful
for incorporating broader context, but it also exposes the model to the limitations dis-
cussed above, including oversmoothing and oversquashing. Many later variants modify
the spectral filter, the normalization, or the aggregation scheme to improve stability,
scalability, or expressiveness. Examples include Cayley polynomial filters [92], autore-
gressive moving-average filters [8], relational GCNs for multi-relational graphs [159],
and edge-conditioned convolutions for incorporating edge features [163].
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Graph convolutional layers have therefore become a foundational component of GNN
architectures. They are efficient, differentiable, and naturally compatible with sparse
graph data, but they inherit the assumptions of Laplacian-based smoothing: edges are
treated as channels through which similar or compatible representations should be
mixed. This makes them effective for many node-, edge-, and graph-level prediction
tasks, while motivating alternative mechanisms where neighbor importance, edge se-
mantics, higher-order structure, or temporal dependencies are modeled explicitly.

Graph attentional layers

Graph attentional layers modify the convolutional scheme (Equation 6.6) by learning
how much weight should be assigned to each neighbor, that is, their relative importance.
This addresses a main limitation of graph convolutional layers: degree-normalized
aggregation treats neighbor contributions according to a fixed rule, determined by the
graph topology, rather than by their relevance to the target node or task at hand. Instead,
attention mechanisms learn edge-specific coeflicients from node features, allowing the
model to emphasize different parts of a node’s neighborhood during message passing.
The Graph Attention Network (GAT) [181] implements this idea through masked self-
attention over graph neighborhoods. At layer /, node features are first linearly trans-
formed, and an attention score is computed for every edge (7, j) by applying a shared
attention vector to the concatenated transformed features of the target and source nodes.
The coefficients are then normalized over the neighborhood of node i, as defined by

el = o (a” [WOR W), (6.7)
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where W) i
concatenation, and o is a nonlinear activation function, commonly LeakyReLU [103].

Employing a function to exponentiate and normalize softmax the obtained attention
scores for neighbors k& € N (i) of each target node j ensures that the coefficients ozz(f) are
positive and sum to unity [11]. This way, the aggregated message (Equation 6.9) becomes
a learned weighted combination of neighboring representations, rather than a (fixed)
degree-normalized average, as is the case in graph convolutional layers (Equation 6.4).

GAT layers are commonly implemented with multi-head attention. Several indepen-
dent attention mechanisms are applied in parallel, each with its own parameters, and
their outputs are either concatenated or averaged. Concatenation is typically used in
intermediate layers to increase representational capacity, while averaging is often used
in the final layer to stabilize predictions. Averaging over H heads can be written as

hZ(ZH Z Z ) 7 (6.10)
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where ag.l) and W denote the attention coefficients and weight matrix of head h. This
mechanism improves stability and allows different heads to attend to different structural
or attribute-based aspects of the neighborhood, increasing model expressiveness.

A limitation of the original GAT formulation is that its attention ranking is static in
the sense identified by [12]. For a fixed set of transformed neighbor features, the ordering
induced by the mechanism is independent of the query node, limiting the ability of the
model to express genuinely query-dependent attention patterns. GATv2 addresses this
by changing the order of linear transformation and non-linearity, so that attention scores
are computed dynamically from the joint representation of the target and source nodes:

©
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This allows the relative importance of neighbors to depend more flexibly on the tar-
get node, increasing the expressiveness of the mechanism without changing the basic
neighborhood-aggregation paradigm, yielding a more powerful aggregation scheme.

Attention-based GNNs are useful when the relevance of neighboring nodes is hetero-
geneous, e.g., when only a subset of local interactions is informative for prediction or
clustering. They also provide an adaptive alternative to fixed convolutional weights and
are directly compatible with inductive learning, since attention coefficients are computed
from node features rather than from node identities. However, attention does not re-
move the fundamental locality of message passing: information still propagates through
graph neighborhoods layer by layer, and the model remains subject to oversmoothing,
oversquashing, and scalability constraints. Moreover, attention coefficients should not
be automatically interpreted as explanations of model behavior, since they are learned
optimization variables that may not identify semantically meaningful relations.

Such limitations motivate complementary spatial architectures and extensions, in-
cluding pseudo-coordinate mixture models such as MoNet [109], sampling-based induc-
tive methods such as GraphSAGE [69], and higher-order aggregation strategies such
as k-WL GNNs [110] — based on the Weisfeiler-Leman graph isomorphism? test, com-
monly known as 1-WL or color refinement (Figure 6.2) — which can distinguish certain
non-isomorphic graphs that ordinary message passing cannot. The former are discussed
next, since they address a different limitation of ordinary message passing: its bounded
ability to distinguish graph structures beyond the expressive power of the 1-WL test.

Higher-order message passing

Higher-order GNN architectures aim to capture structural information that is not fully
represented by ordinary node-wise message passing. Instead of exchanging messages
only between adjacent nodes, these models propagate information over larger objects,
such as k-tuples of nodes, motifs, subgraphs, or other higher-order neighborhoods. The
goal is to increase the expressive power of the learned representations, especially in
settings where community structure, molecular function, or graph identity depends on
patterns that are not reducible to pairwise local aggregation in an efficient manner.

*A similar issue (automorphism) is observed at a local level: nodes may receive identical representa-
tions under ordinary message passing, even when they play different roles in the global structure [87].
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A central motivation comes from the known connection between message-passing
GNNs and the Weisfeiler-Lehman (WL) hierarchy. Under standard assumptions, ordi-
nary message-passing GNNs are at most as expressive as the 1-dimensional WL test for
graph isomorphism [192]. Consequently, pairs of non-isomorphic graphs that cannot
be distinguished by 1-WL may also receive indistinguishable representations from such
GNNs, even when their global organization differs. The molecular graphs in Figure 6.2 il-
lustrate this limitation: local aggregation can produce identical node representations for
structurally different graphs, because the information available at each node remains
indistinguishable under repeated 1-hop refinement. Higher-order GNNs address this
limitation by extending the objects over which messages are exchanged, allowing the
model to represent dependencies involving multiple nodes simultaneously.

One prominent example is given by £-WL GNNs [110], which generalizes pairwise
message passing to k-tuples of nodes. Each hidden representation is associated with a
tuple S, and messages are exchanged between neighboring tuples according to a tuple-
neighborhood relation. In analogy with Equations 6.1 and 6.2, it can be written as

m{ = @ o(ndn), (6.12)
TeN(S)
B = ¢ (0, mf) . (6.13)

where S and T are k-tuples of nodes, NV(S) denotes the neighboring tuples of .S, and
¢ and 1) are learnable message and update functions. By operating on tuples rather
than individual nodes, the model can encode interactions among multiple nodes and
distinguish graph structures that ordinary 1-WL-equivalent message passing cannot.
The gain in expressiveness comes with a clear computational cost. The number of
possible k-tuples grows as O(n*), making higher-order message passing substantially
more expensive than ordinary node-level aggregation. For this reason, higher-order
GNN s are particularly useful when complex substructures are central to the task, as in
molecular graphs, motif-rich networks, or settings where cycles and multi-node depen-
dencies carry important information. For tasks where local neighborhood information
is sufficient, such as many node classification or clustering problems, standard message-
passing architectures may remain preferable because they are cheaper, easier to scale,
and often generalize well in embedding space, in spite of their limited expressiveness.
Other architectures increase expressiveness without necessarily implementing the
full k-WL construction. Motif-based and subgraph-based GNNs aggregate information

Figure 6.2: Graph representations of decalin (left) and bicyclopentyl (right), two non-isomorphic
molecular graphs with the same order and size (10 nodes, 11 edges), but different cycle structure,
i.e., closed walks through the graph. Node colors reflect the stable coloring obtained by 1-WL.
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over selected structural patterns or sampled subgraphs [2, 195], providing a compromise
between ordinary message passing and exhaustive tuple-level propagation. Graph Iso-
morphism Networks (GINs) [192] follow a related but distinct direction: they strengthen
ordinary node-wise aggregation by using injective sum aggregation followed by a multi-
layer perceptron, making them maximally expressive among 1-WL-equivalent message-
passing architectures, but not generally more expressive than 1-WL.

Higher-order message passing therefore improves the ability of GNNs to represent
graph structure, but does not remove the broader trade-off between expressiveness and
scalability. Designing architectures that capture richer structural dependencies while
remaining practical on large graphs remains an active research topic. The temporal
domain adds another dimension to this trade-off, since higher-order dependencies may
also evolve over time, which temporal message-passing extensions seek to address.

Temporal message passing

When applied to dynamic graphs, GNNs must account not only for relational struc-
ture, but also for its evolution over time. This introduces additional modeling and com-
putational challenges: the model must decide how past interactions influence current
representations, how long historical information should be retained, and how temporal
dependencies should be combined with structural message passing. As a result, issues
such as scalability, memory efficiency, and interpretability become more pronounced.
Temporal GNNs address these challenges by augmenting message passing with
mechanisms for processing evolving edges, node features, and interaction histories.
Early approaches often combined graph convolutional layers with recurrent neural net-
works, such as Long Short-Term Memory (LSTM) units [50] or Gated Recurrent Units
(GRUs) [21], to model dependencies across snapshots. More recent models use tempo-
ral attention, memory modules, time encodings, or decay functions to weight historical
information according to its relevance to the current prediction time. Broadly, these ar-
chitectures may be divided into snapshot-based and event-based models — a taxonomy
following the dynamic graph representations discussed in Chapter 2 [102].
Snapshot-based models operate on a sequence of graph snapshots, usually obtained
by discretizing time into fixed intervals. They are natural extensions of static GNNs,
since each snapshot can be processed by a graph encoder and the resulting represen-
tations can then be propagated through time. For example, EvolveGCN [126] uses re-
current units to update the parameters of a GCN across snapshots, allowing the graph
convolution itself to evolve over time. DySAT [155], instead, combines structural and
temporal self-attention: structural attention operates within each snapshot, while tem-
poral attention aggregates node representations across snapshots using positional en-
codings to represent temporal order. These approaches are often easier to implement
and can reuse static GNN layers, where time intervals are treated as discrete steps.
Event-based models operate directly on continuous-time interactions. Rather than
aggregating edges into snapshots, they update representations when events occur, mak-
ing them better suited to irregularly sampled temporal data and interaction streams. For
instance, TGN [151] maintains node-level memory states that are updated after events,
while TGAT [191] uses temporal attention and time encodings to aggregate information
from temporal neighborhoods. Other approaches encode ordered interaction sequences
through higher-order projections; for example, De Bruijn GNNs (DBGNNSs) [142] repre-
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sent temporal dependencies through sequence-based graph constructions that preserve
the direction of time — allowing the model to capture patterns in interaction sequences
that are suitable, for instance, for link prediction and causal inference tasks.

A related class of models uses temporal point processes to represent the timing of
interactions. For instance, HTNE [210] models the intensity of an interaction between
nodes ¢ and j at time ¢ [72] as a function of time-dependent embeddings, expressed as

A = exp (hPTWhg“ + b) , (6.14)
where /\Z(tj) is the conditional intensity of the interaction, hgt) and hgt) are node embed-
dings at time ¢, W is a learnable weight matrix, and b is a bias (baseline intensity) term.
Temporal attention can also be used to weight past interactions when updating node
representations. A generic event-based update can be expressed similar to 6.1 as

(4,t5)EN(3,t)

where N (i, t) denotes the temporal neighborhood of node i up to time ¢, and a;(t, ¢;)
weights the contribution of an interaction with node j at time ¢;. The coefficients may
depend on temporal distance, learned attention scores, or decay functions, allowing re-
cent or otherwise relevant events to contribute more strongly to the current represen-
tation. Models for temporal community detection build on this idea by combining time-
aware embeddings with clustering or community-aware objectives [35].

The distinction between snapshot-based and event-based models reflects a trade-off
between temporal resolution and computational complexity. Snapshot-based models are
often simpler and compatible with existing GNN layers, but may lose information when
events are aggregated into coarse time windows. Event-based models preserve finer
temporal order and irregular timing, but require memory management, temporal neigh-
borhood sampling, and careful control of computational cost. Other temporal architec-
tures, such as VGRNN [67] and ROLAND [198], further combine recurrent, variational,
or hierarchical state updates to model temporal variation in node representations.

Despite these developments, temporal GNNs remain difficult to evaluate for commu-
nity detection. Many architectures are designed for link prediction, forecasting, or rep-
resentation learning, rather than for node clustering on dynamic graphs. Their learned
embeddings may capture useful temporal patterns, but the resulting communities often
require post hoc clustering or indirect evaluation. Moreover, temporal mechanisms can
reduce interpretability, since it becomes difficult to isolate whether a detected group is
driven by topology, attributes, recent events, long-term memory, or temporal attention
weights. This gap motivates the focus of this thesis on benchmarking and extending
temporal GNNs for community detection on time-varying attributed graphs.

6.2 Community detection with neural networks

Despite the aforementioned challenges, neural networks for graphs remain a promising
direction for community detection, as they can learn representations that integrate struc-
tural, attribute, and temporal information in a single end-to-end differentiable model.
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Integrating graph-theoretic objectives, such as modularity or conductance, into the
training of a neural network allows the model to learn embeddings that are optimized
for community structure, rather than for generic node classification or link prediction
tasks. For time-varying graphs, this integration is particularly valuable, as it allows for
improved expressiveness by jointly modeling spatial, temporal, and feature signals, in
spite of relatively fewer models specifically designed for the task [102].

Within this scope, neural community detection refers to the recovery of node groups
in real-dimensional spaces obtained from graph data through a parametric mapping —
with the caveat that the mapping is learned by optimizing a graph-theoretic objective
or a differentiable relaxation thereof. This setting is distinct from the inferential frame-
work of probabilistic block models, which define communities as latent variables in a
generative process, and may be best understood as a descriptive method instead? [135].

Node embeddings may be assigned distinct community labels through two main
strategies. The first is applying a clustering algorithm such as k-means in the embed-
ding space — this strategy is employed by spectral clustering techniques, usually on the
eigenvectors of a graph Laplacian [118], and by autoencoder-based models that recon-
struct graph structure from learned embeddings [185]*. The second is to let the model
output a fixed-dimensional assignment matrix, whose rows represent community scores
or probabilities [179]. Hard assignments may then be obtained by selecting the largest
probability (argmax), while soft assignments preserve membership weights and sup-
port overlapping structures. Both strategies reduce community detection to a clustering
problem, but differ in whether the notion of community is learned implicitly through
the geometry of the embedding space or explicitly through a post-processing step.

A further distinction concerns the objective being optimized. Some neural models
reconstruct the graph, as in autoencoder-based approaches, and then cluster the learned
embeddings. Others optimize self-supervised, contrastive, or information-theoretic ob-
jectives that encourage structurally related nodes to have similar representations. A
third family directly optimizes differentiable relaxations of graph-theoretic quality func-
tions, such as modularity, thereby improving comparability with established community
detection methods while retaining the representational capacity of neural encoders. This
last direction is particularly relevant to this thesis because it allows community detection
to be trained end-to-end without requiring observed metadata labels as supervision.

The term community must therefore be used with care in the neural setting. In an
inferential model, it is defined by the role it plays in the data-generating process; in a
neural model, it is usually defined by the geometry of the learned representation consid-
ering a specific objective. This distinction is of especially importance to avoid conflating
community detection with metadata prediction, as embeddings may encode recent inter-
actions, temporal proximity, or feature similarity rather than solely mesoscale structure.

This section discusses and provides a performance evaluation of algorithmic and neu-
ral methods for community detection, on real-world and synthetic benchmarks. It then
proceeds continues with discussion of ground truths, metadata, and evaluation proto-
cols for real-world networks — of special relevance to temporal graphs and attributed
networks, in special for GNN architectures, whose learned representations may encode
both spatio-temporal and feature information for downstream clustering tasks.

3See Section 4.1 for a discussion of the descriptive-inferential distinction in community detection.
4See Chapters 4.2 and 3.2 for discussions on spectral theory and graph autoencoders, respectively.
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6.2.1 Neural methods for community detection

Community detection with neural networks is a relatively recent area of research, often
found in literature as deep> community detection or deep graph clustering [100, 165, 171].
Although many GNN architectures have been adapted to unsupervised node clustering
tasks [52, 69, 181] — modifying the aggregation scheme (Figure 6.1), the readout layer,
the training objective, or the way learned embeddings are post-processed — most models
were, however, not designed to optimize graph-theoretic objectives. These strategies
thus greatly differ in how explicitly the notion of community is encoded by the model,
yielding distinct families of approaches, which may be distinguished as follows.

Among the earliest neural approaches are autoencoder-based architectures that re-
construct graph structure from learned node embeddings [7]: an encoder maps nodes to
(latent) representations, while a decoder attempts to reconstruct the adjacency matrix.
The learned embeddings are then clustered, or jointly regularized by a clustering objec-
tive. For instance, DAEGC [185], introduced in Section 3.2, uses a graph-attention en-
coder related to Equation 6.10 and reconstructs the adjacency matrix by inner products
between node embeddings®. Its loss combines an adjacency-reconstruction term, i.e.,
binary cross-entropy, with a clustering term based on the Kullback-Leibler divergence
between soft assignments and an auxiliary target distribution. The reconstruction term
encourages embeddings to preserve graph structure, while the clustering term sharpens
the assignment distribution in the embedding space. However, the model is not differ-
entiable with respect to the clustering step, which is performed as a post-processing
operation (k-means) to obtain hard assignments every few epochs, and dense adjacency
reconstruction can lead to quadratic memory and time costs on large graphs. Sparse
reconstruction losses, graph-regularized clustering objectives, and variational autoen-
coder formulations, such as VGAE [83], have been proposed to improve on scalability.

A second family of models incorporates community detection more directly into the
training process through self-supervised or clustering-aware objectives. For instance,
SeCOMM [4] combines a GCN-based encoder, as in Equation 6.6, with a self-supervised
contrastive loss and a self-expressive community-detection loss. The contrastive com-
ponent encourages connected or structurally similar nodes to have similar embeddings
and pushes dissimilar nodes apart, while the self-expressive component promotes cluster
structure in the learned representation space. The model further uses high-confidence
similarities as soft ‘must-link’ and ‘cannot-link’ constraints, controlled by threshold
hyperparameters. The output layer then produces membership probabilities with a
softmax, allowing the clustering objective to be optimized together with the encoder
by backpropagation. This moves the clustering step closer to the neural model itself; but
the result still depends on chosen similarity thresholds and assumptions encoded by the
self-supervised objective, which need not align with predefined community notions.

A third line of work optimizes continuous relaxations of graph-theoretic objectives
in an end-to-end differentiable manner. This direction is particularly relevant for com-
munity detection, as it connects graph representation learning with quality functions al-
ready used by established methods, such as modularity, conductance, or normalized cut
(Equations 4.5, 4.1, and 2.6, respectively). Deep Modularity Network (DMoN) [179] is a

5The term is loosely employed for deep learning, even on shallow architectures, and conflates with
earlier literature where it strictly defined groups located deep within a noisy topological structure [19].
%See Section 3.2 for experimental results on deep attentional augmented graph clustering with [185].
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representative example of this class of models, which employs a (multilayer) GCN-based
encoder to produce a soft community assignment matrix and optimizes a differentiable
relaxation of modularity [116], with an added regularization term to prevent the trivial
solution of assigning all nodes to a single community’. Its loss can be written as

£DMON = —% Tr (CTMC) + 0, (\/WE Z (j;r — 1) s (616)
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where C € R™** is the soft community-assignment matrix, M is the modularity matrix
defined in Equation 4.7, m is the number of edges, n is the number of nodes, k is the
number of communities, 9 controls the strength of the regularization term, and || - ||
denotes the Frobenius norm, i.e., the square root of the sum of squared entries. While
the first term corresponds to a relaxed modularity objective in the continuous domain,
related to the spectral formulation in Equation 4.8, the second term encourages balanced
community assignments, resembling ratio-cut minimization in Equation 2.7.

More recent work has proposed alternative regularization strategies to preserve as-
signment diversity by combining distance-, variance-, and entropy-based penalties [154],
integrating contrastive learning techniques [101], or decomposing the modularity ma-
trix M into submatrices to capture multiscale group structures [54]. However, these ex-
tensions introduce additional hyperparameters and complexity, reliance on mini-batch
sampling that is not guaranteed to preserve global community structure, and potential
trade-offs between group fairness and overall modularity, which may complicate prac-
tical implementation and evaluation. Still, the modularity-optimizer objective of DMoN
provides a framework for neural community detection that is aligned with established
graph-theoretic objectives and compatible with the expressive power of GNN encoders.

Temporal neural methods for community detection

A growing number of GNN architectures have been adapted to produce time-aware node
embeddings, and a few couple a neural community-detection objective to a time-aware
model. To the best of our knowledge, however, none optimize a temporal graph-theoretic
objective end to end: observed methods operate instead on individual snapshots and in-
troduce the temporal domain architecturally, through recurrence and/or auxiliary penal-
ties in the loss function, rather than optimizing for some notion of dynamic community.

The most common pattern is to embed DMoN as a component of a larger temporal
pipeline. The model has been applied per snapshot to estimate modularity, whose shifts
over time serve as a univariate signal for change point detection in highly attributed dy-
namic networks [137]; benchmarked as one of several clustering-based graph-pooling
losses inside spatio-temporal GNNs for time-series clustering [70]; and used as a graph-
clustering module, yielding anatomically coherent embeddings over an event-derived
directed acyclic graph [3]. However, in each of these cases, the temporal domain is exter-
nal to the community-detection objective, and the model remains confined to operating
on discrete time intervals to produce time-aware embeddings on segmented snapshots.

Closest to the dynamic community detection setting is DynMoCo [105], an end-
to-end framework designed for learning on molecular graphs, where a recurrent en-
coder produces time-dependent community assignments along trajectory dynamics. The

7See Section 4.2.2 for a spectral interpretation. — The objective’s global maximum if ¥ = 0 (Eq. 6.16).
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model introduces a GCN-RNN/DMoN hybrid architecture, where the GCN encoder pro-
cesses each snapshot and the RNN captures temporal dependencies between snapshots.
The loss optimizes a sum of per-snapshot (static) modularity scores, including a domain-
knowledge term and a smoothness penalty >, ||S; —S,;_1 |, where S, is the soft assign-
ment matrix at time ¢, resembling the temporal modularity couplings and smoothness
penalty in Equations 4.9 and 4.12. However, the objective itself is still time-agnostic: it re-
lies on the domain-informed architecture and temporal penalty computed per-snapshot
to produce coherent membership assignments over time. These methods may there-
fore be understood as pairings of static modularity (Equation 4.5) with a snapshot-based
architecture, rather than as optimizers of a temporal graph-theoretic objective.

In another direction, a representative line of work models interactions as continuous-
time point processes, often using Hawkes-type dynamics [72] to encode the effect of past
events on future interactions. For example, TGC [100] extends HTNE [210] by incorpo-
rating temporal attention mechanisms that weight past interactions when updating node
embeddings. A simplified decay-based attention coefficient may be expressed as

ay(t,t;) = oxp (AU — ;) ; (6.17)
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where [ is a (learnable) parameter controlling how strongly older interactions are de-
cayed. Such mechanisms allow recent interactions to contribute more strongly to the
current embedding, making the model responsive to changes in graph structure and
group membership over time. In the case of TGC, the network is represented as a
continuous-time temporal graph (Equation 2.3), abstracting away from discrete snap-
shots and allowing the model to capture fine-grained temporal dynamics. However, its
learning step is decoupled from graph-theoretic objectives: the model learns time-aware
embeddings and clusters them indirectly, based on a post hoc step (e.g., k-means), rather
than directly optimizing a graph-theoretic objective in an end-to-end manner.

Building on this gap, Chapter 7 introduces a neural architecture that extends mod-
ularity optimization to continuous-time graphs by incorporating a Hawkes-Laplacian
operator that weights historical information according to its relevance to the current
interaction time. By combining topology, node/edge attributes, and temporal dependen-
cies, the model aims to recover communities whose structure changes over time, while
remaining trainable through an unsupervised graph-theoretic objective and maintaining
the same complexity as the static DMoN model. Architectural details and empirical eval-
uation of the model versus its baseline are presented in Chapter 7, while the next sections
present an experimental evaluation of the above methods and discuss why ground truths
and benchmarking protocols are especially delicate for neural community detection —
in special for real-world graphs, both in the static and temporal graph regimes.

6.2.2 Experimental evaluation of models®

A first study found that augmenting neural models with temporal structure did not con-
sistently improve the recovery of ground-truth communities over algorithmic baselines

8Based on: Deep Community Detection in Attributed Temporal Graphs: Experimental Evaluation of
Current Approaches. Passos, N.AR.A.; Carlini, E.; Trani, S. (2024). In Proceedings of the 3rd Graph Neural
Networking Workshop (GNNet "24), 20th International Conference on emerging Networking EXperiments
and Technologies (CONEXT ’24), Association for Computing Machinery, New York, NY, USA, 1-6.
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[145]; a finding later corroborated on synthetic graphs sampled, under known ground
truth, from the time-varying, attributed, degree-corrected stochastic block introduced in
Section 5.1 [129]. This, however, amount less to a verdict against neural methods than to
a relocation of the problem: the challenge is not that neural models are inaccurate, but
that they are oftentimes difficult to train and evaluate in a likewise principled manner.

For non-attributed temporal community detection, principled algorithmic methods
remain the most employed method, where the decisive obstacle is their scalability rather
than their accuracy; the case for neural models is strongest precisely in the attributed
regime that descriptive spectral and modularity [116] methods cannot exploit, and even
there their gains are clearest where structural, attribute, and temporal signals align,
rather than as a universal advantage [135]. Notwithstanding, the evaluation of neural
models — as with other methods beyond the paradigm — is complicated by the lack of
principled ground truths, often replaced by observed metadata that may not reflect the
underlying mesoscale structures [131]. This section presents an experimental analysis
on real-world and synthetic graphs, including algorithmic baselines and neural models,
highlighting the challenges of benchmarking and the need for careful interpretation of
the results, according to distinct evaluation metrics and dataset domains [132].

Experimental evaluation on real-world datasets

Models were trained in a transductive learning setting (Figure 3.7), where the full graph
is available [100], and the best epoch on accuracy was selected for their evaluation.

Six real-world temporal graphs from different domains were considered, whose main
characteristics are reported in Table 5.5. ArxivAl [99] is a citation network of papers
in Artificial Intelligence; Brain [141] is a network of human brain regions connected
by functional connectivity; Dblp [209] is a co-authorship network in Computer Science;
Patent [68] is a citation network of patents from the US Patent Office; PubMed® [146] is a
citation network of biomedical papers in diabetes research; and School [106] is a contact
network of interactions between students in a high school. All datasets are publicly
available and have been used to evaluate algorithmic and static/temporal GNN-based
models on node-level clustering tasks [100, 145] as a proxy for community detection.
Static citation datasets in Table 5.5 (Cora, Citeseer) were not considered due to their
small size, although extensively studied in the literature; while larger citation networks,
such as ArxivPhy (representative of the same domain as ArxivAI), were too large to be
processed efficiently by all methods, and were thus excluded from this evaluation.

Following [100], node features for all datasets except PubMed were generated by
Node2Vec pretraining [60], using unbiased random walks (p = ¢ = 1), 10 walks per
node, walk length 80, and 128 feature dimensions. For PubMed, node-level features are
given by the most relevant terms in paper abstracts, extracted with a TF-IDF vectorizer
and reduced to 500 dimensions [113, 197]. Before Node2Vec pretraining, graphs were
preprocessed by removing isolated nodes and self-loops; the resulting embeddings were
then normalized to zero mean and unit variance along each feature dimension.

Results show that no model class dominates across datasets. When evaluated with
chance-adjusted metrics — adjusted Mutual Information (AMI) and adjusted Rand index

9See Section 3.1.2 for a discussion on this dataset and its extension to the temporal domain. — Feature
generation with Node2Vec for other datasets restricted the inductive evaluation to PubMed only in [145].
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(ARI) — GNN-based methods are competitive on some graphs, but simpler topology-
based baselines remain stronger on others. DMoN yields the highest AMI on ArxivAL
TGC [100] performs best on Dblp, and DAEGC [185] the best mean scores on PubMed,
although with comparatively high variance. By contrast, spectral clustering is strongest
on Brain and Patent, despite being applied to the aggregated graph and therefore ig-
noring temporal information, while Nodez2Vec remains strongest on School. These re-
sults suggest that the benefit of neural architectures depends strongly on whether graph
structure, node features, and temporal dynamics provide complementary signals.

A careful reading along each metric reveals more than this initial ranking, and illus-
trates the broader difficulty of evaluating community detection against metadata labels
[131]. On ArxivAlL for instance, DMoN yields low accuracy but the highest mean AMI
score (.372 £ .008). This suggests that it recovers a partition sharing information with
the metadata labels, but not one that aligns well under one-to-one class matching. In
practice, this may occur when the recovered groups split or merge metadata classes, or
when their size distribution differs from the observed labels. By contrast, Node2Vec and
TGC obtain the highest ARI and near-best AMI, at the lower end of DMoN’s uncertainty
range. Their partitions are therefore more consistent at the pairwise co-membership
level: nodes assigned to the same metadata class are more often clustered together, and
nodes assigned to different classes are more often separated. Other methods show differ-
ent weaknesses: Spectral clustering reaches moderate accuracy, but almost zero AMI and
AR, indicating its apparent class agreement largely disappears under chance-corrected
label and pairwise agreement measures. DynNode2Vec [104] performs poorly on all
three metrics — its strategy of sequentially initializing each snapshot from previously
learned embeddings does not yield partitions aligned with one-to-one class matching
(accuracy after Kuhn-Munkres correction) [86], shared metadata information (AMI), or
pairwise co-membership (ARI). Although tNodeEmbed [164] obtains the highest accu-
racy (.6734.001) by aligning snapshot embeddings through orthogonal transformations,
its lower AMI and ARI relative to static Node2Vec indicate that its temporal strategy im-
proves label matching without improving the underlying clustering structure.
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ArxivAl - 016 302 363 001 299  OOM 372 363
Brain - .498 470 .466 .049 434 431 .466 497
Dblp - 008 302 351 006 345 344 281 355
Patent - 365 203 270 139 248 315 195 329
PubMed  .312 162 256 289 192 297 320 202 254
School - 940 911 998 025 025 994 964 994

Figure 6.3: Heatmap of transductive baseline performance. Cells report mean Adjusted Mutual
Information (AMI); darker shades indicate stronger agreement with metadata labels; best result
per dataset in bold. OOM marks out-of-memory runs on an NVIDIA A1oo GPU (80 GB). Mean
and standard deviation for accuracy, AMI, and adjusted Rand index are reported in Table 6.1. k-
means reported only if node features are available, otherwise obtained by NodezVec pretraining.
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Dataset Model Accuracy AMI ARI
Spectral .389 £ .002 .016 4+ .008 .012 +.006
Leiden .525 +.033 302 +.027 .239 4+ .031
Node2Vec .646 +.001 .363 £ .001 .404 £+ .001
ArxivAl [99] DynNode2Vec .268 +.001 .001 £ .001 .000 £ .001
tNodeEmbed .673 £.001 .299 £ .001 .312 4 .001
DAEGC OOM OOM OOM
DMoN .319+.016 372 +.008 196 +.011
TGC .646 + .001 .363 £ .001 .404 £ .001
Spectral .485 £+ .001 498 £+ .001 .320 £ .001
Leiden 404 + .011 470 £ .016 .300 + .017
Node2Vec 452 £ .002 466 £ .001 .270 £ .001
Brain [141] DynNodezVec .163 +.002 .049 +.001 .019 +.001
tNodeEmbed 417 +.002 434 £+ .001 .243 +.002
DAEGC 414+ .010 431 +.009 .253 +.010
DMoN .397 +.007 .466 £ .005 .269 £ .003
TGC 434 £ .001 497 4+ .003 .288 +.003
Spectral .289 £ .001 .008 £ .001 .000 £ .001
Leiden 400+ .013 .302 +.003 187 £.005
Node2Vec 466 +.001 .351 +.001 .207 +£.001
Dblp [172] DynNodezVec .155 +£.002 .006 = .001 .002 +.001
tNodeEmbed 451 £+ .001 .345 £ .001 .203 £ .001
DAEGC 1465 £+ .010 .344 £ .004 .219 4+ .004
DMoN .379 + .056 281 4+ .046 .161 +.037
TGC 471 +.001 .355 +.001 .209 £ .001
Spectral .575 £ .011 .365 +.023 .319 £+ .046
Leiden 431 £.026 203 £ .016 140 £ .027
Node2Vec 400 £ .020 270 £ .022 171 £.026
Patent [68] DynNode2Vec .354 +.038 139 £+ .045 .089 &+ .042
tNodeEmbed 424 +.048 248 +.024 177 +.035
DAEGC 462 +.029 315 +.052 271 +.052
DMoN .349 + .051 195 £+ .064 .136 +.058
TGC .503 +.019 .329 4+ .027 272 +.035
k-means .595 +.001 312 4+.001 .281 +.001
Spectral .593 +.003 162 £+ .008 .143 +.004
Leiden .633 +.018 .256 £+ .020 .245 £ .033
Node2Vec .687 4+ .001 .289 £+ .001 .312 4+ .001
PubMed' [146] DynNodezVec .543 + .001 .192 +.001 .135 +.001
tNodeEmbed .673 £.001 .297 4+ .001 .307 +.001
DAEGC 713 £ .040 .320 + .042 .339 + .065
DMoN 579 +.059 202 +£.019 176 +.026
TGC .677+.001 .254 £+ .002 .280 +.002
Spectral 967 £ .001 .940 £ .001 .933 £.000
Leiden .851 +.023 911 4+ .008 .843 +.016
Node2Vec 1999 + .002 998 + .004 998 + .004
School [106] DynNodezVec .200 £+ .004 .025 +.002 .013 +.001
tNodeEmbed .200 +.002 .025 £+ .001 .013 +.001
DAEGC .997 £ .006 994 + .009 993 +.010
DMoN .983 +.002 .964 £+ .003 961 +.004
TGC 997 +.001 994 4+ .001 994 4+ .001

Table 6.1: Real-world graph baselines. Values are mean =+ standard deviation over 5 runs. Bold
and underline mark the highest and second-highest means; OOM denotes out-of-memory runs on
NVIDIA A1oo GPU (80 GB). Unless marked by f, features are obtained by NodezVec pretraining.
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Across the remaining datasets, the multi-metric comparison shows that performance
rests on the interplay between model assumptions and graph structure, attributes, and
temporal dynamics. On Brain, spectral clustering obtains the best scores on all three met-
rics, while TGC is nearly tied on AMI and Leiden remains competitive on ARI, suggesting
that the aggregated topology already contains a strong community signal. On Dblp, TGC
gives the best ACC and AMI, whereas DAEGC gives the best ARI; however, Node2Vec
and tNodeEmbed remain close, indicating that random-walk proximity already captures
much of the metadata-aligned structure. On Patent, spectral clustering again dominates
across metrics, with TGC second-best on all three, which points to a topology-driven
partition for which temporal and neural components provide limited additional bene-
fit. On PubMed, DAEGC achieves the highest mean scores, but with substantially larger
variability, while k-means, Node2Vec, and tNodeEmbed remain competitive; this sug-
gests that the original node features are informative, but also that reconstruction-based
neural clustering is less stable. Finally, on School, static Node2Vec performs best across
all metrics, followed closely by DAEGC and TGC, whereas DynNode2Vec and tNodeEm-
bed collapse to low scores. This is consistent with continuous-time data inducing sparse
snapshots, in which temporal random walks provide less reliable context than the aggre-
gated static graph. Meanwhile, modularity-based methods (Leiden and DMoN) remain
competitive, highlighting that such objectives can remain effective when the empirical
domain matches their underlying assumption of assortative community structure, as
expected for repeated interactions among high school students.

This evaluation illustrates the challenges of benchmarking neural community detec-
tion methods on real-world datasets. It is, however, not meant to be exhaustive; the lim-
ited availability of temporal graphs with known ground truths, the diversity of graph
structures and attribute distributions, and the sensitivity of neural models to hyper-
parameter choices all contribute to the difficulty of drawing general conclusions about
model performance. Synthetic generators are therefore useful because they provide con-
trolled experimental conditions for benchmarking and ablation studies.

Experimental evaluation on synthetic datasets

Following the same evaluation procedure, this section presents results for the small-
scale graphs created with TADC-SBM (Section 5.1.2), which allow to assess model per-
formance under varying levels of community stability and community-aligned features
with known ground truths. Table 5.2 summarizes their characteristics, and Figure 5.3
shows baseline performance on the aggregated graph’s structure and feature signals.
The most informative regime is SBM,,_ 75, where communities are no longer static but
still retain enough temporal persistence for recovery to be meaningful. In this setting,
the methods separate sharply: TGC obtains the best scores on all metrics (.681 4= .005
accuracy, .434 £ .006 AMI, and .415 &+ .007 ARI), k-means remains the strongest non-
temporal baseline, and DAEGC is competitive but less stable. By contrast, Spectral, Lei-
den, DMoN, and the random-walk-based encoders fall substantially below their static-
community performance. This transition from n = 1 to n = .75 is therefore the key
result of the synthetic evaluation: a small amount of community change (=~ 25% nodes
transitioning on each snapshot) is sufficient to break methods whose objective is static
or whose embeddings summarize neighborhoods without explicitly emphasizing recent
interactions. At the same time, the performance attained by DAEGC and TGC on 7 < 1
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suggest that when the attribute signal remains informative, temporal attention mecha-
nisms can exploit it to increase model expressiveness when topology alone is insufficient.

A careful reading of the three metrics reinforces this interpretation. For 7 = 1, Spec-
tral, DAEGC, and DMoN recover the planted partitions, while Leiden remains competi-
tive. The leidenalg [176, 177] implementation does not allow fixing a number of com-
munities for heuristic optimization, which was partially circumvented by setting the
initial node memberships uniformly-at-random to a discrete interval [0,k — 1]; how-
ever, aggregations yielding higher local optima may still result in a different number of
communities, which is reflected in the lower scores obtained by the method. Note that
Leideng optimization is reported on the aggregated graph (static modularity); whereas
supra-graph (multislice modularity) allowed ground truth recovery for = 1 (Table 6.3).

For n < 1, the chance-adjusted metrics separate the methods more clearly than ac-
curacy alone: TGC is the only method that consistently improves upon the k-means
attribute-only reference, merit of the pipeline employing an ad hoc clustering step on
the learned embeddings. DAEGC remains the strongest alternative neural baseline
in such regimes, attaining a comparatively lower performance decrease than DMoN
(n = 0.75 — 0.5), possibly due to the use of a K —polynomial Laplacian of degree K = 2
in the encoder (Equation 3.1) in the author’s default parameterization: in the regimes
where a fraction < 0.5 of the nodes transition between communities, the 2-hop neigh-
borhood thus allows the model to capture second-order degree information correspond-
ing to a fractionn > 0.5 of the nodes that have not transitioned, yielding more stable em-
beddings and clustering. Results for DMoN in Table 6.2 and Figure 6.2 are also reported
considering a two-layer GCN strategy (with L = [256, 128] embedding dimensions);
experiments using a single-layer encoder reinforce this interpretation, yielding lower
scores on all metrics (.9184.005 accuracy, .813+.011 AMI, .815+.011 ARI). Meanwhile,
the very low AMI and ARI of SkipGram-based methods (Node2Vec, Attri2Vec, DynN-
ode2Vec, and tNodeEmbed) indicate that sampled proximity, even when augmented with
attributes or temporal alignment, does not recover the planted temporal communities in
this benchmark. The regimes analyzed are therefore particularly challenging for neural
methods, where temporal adaptations of random-walk and message-passing encoders
are insufficient to recover the planted communities, even if the attributes are kept static.
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SBMy=1  .400 .945 .066 .066 .060 .066 438
SBMy=.75  .400 152 132 .023 .026 .012 .026 .356 .039 434
SBM;=5 .400 .025 .019 .007 .005 .005 .005 218 .007 .432
SBMy=.25 .400 .006 .010 .002 .002 .006 .002 151 .002 .431
SBMy=o0 = .400 .017 .008 .004 .004 .005 .004 173 .002 .433

Figure 6.4: Heatmap of synthetic graph baselines. Cells report mean Adjusted Mutual Infor-
mation (AMI); darker shades indicate stronger agreement with planted communities. Best result
per graph in bold, where node transition probability is 1 — 7. Mean and standard deviation for
accuracy, AMI, and adjusted Rand index reported in Table 6.2. All datasets share the feature set.
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Dataset Model Accuracy AMI ARI
k-means 648 +.016 400 +.015 375 +.018

Spectral 1.000 + .000 1.000 + .000 1.000 + .000

Leideng 849 +.055 945 +.022 848 +.048

Node2Vec 216 =+ .000 .066 =+ .000 .041 +.000

SBML AttrizVec 216 +.000 .066 % .000 041 +.000
=1 DynNode2Vec 213 +.001 .060 + .002 037 +.001
tNodeEmbed 216 +.000 .066 £ .000 .041 +.000

DAEGC 1.000 £ .000 1.000 =+ .000 1.000 £ .000

DMoN 1.000 £ .000 1.000 = .000 1.000 =+ .000

TGC 687 £ .004 438 +.005 421 +.005

k-means 648 +.016 400 +.015 375 +.018

Spectral 448 + .000 152 +.000 135 +.000

Leideng 379 +.043 132 +.016 115 +.017

Node2Vec 195 + .001 023 +.001 .014 +.000

SBM._ o AttrizVec 1199 +.002 .026 +.001 017 4+ .000
=75 DynNode2Vec 177 +.002 012 +.002 .006 + .001
tNodeEmbed 199 +.002 .026 +.001 017 £ .000

DAEGC 628 £ .050 356 4 .040 337 +.055

DMoN 221 +.014 .039 +.009 .029 +.006

TGC .681 £ .005 434 + .006 415 +.007

k-means 648 +.016 400 +.015 375 +.018

Spectral 210 +.000 025 4 .000 .018 +.000

Leideng 204 £ .017 019 +.008 012 +.005

NodezVec 174 £ .006 007 £.004 .004 + .002

SEM. AttrizVec 175 +.006 .005 +.004 .003 +.002
=5 DynNode2Vec 176 +.003 .005 + .001 .003 +.000
tNodeEmbed 175 +.006 005 + .004 .003 £ .002

DAEGC 466 + .088 218 +.050 180 +.058

DMoN 170 £ .005 007 £.004 .004 +.001

TGC 681 +.003 432 +.005 415 + .005

k-means 648 +.016 400 £ .015 375+ .018

Spectral 181 +.000 .006 % .000 .004 %+ .000

Leideng .180 +.006 010 +.002 .006 +.002

Node2Vec 170 £ .004 .002 +.001 .001 +.001

SBM._ AttrizVec 168 +.005 .002 +.002 .001 +.001
=25 DynNodezVec 167 4 .001 .006 £ .001 .003 £ .000
tNodeEmbed 168 +.005 .002 +.002 .001 +.001

DAEGC .375 + .054 151 +.017 110 +£.025

DMoN 165 £ .006 .002 +.003 .001 +.001

TGC .680 +.003 431 +.004 414 + .004

k-means 648 +.016 400 £ .015 375+ .018

Spectral 183 +.000 017 4 .000 .010 +.000

Leideng 181 +.006 .008 +.004 005 + .002

Nodez2Vec 173 +£.003 .004 £+ .001 .002 £+ .001

SBM._ AttrizVec 171 £ .006 .004 +.004 .002 +.002
=0 DynNodezVec 165 4 .001 .005 £ .000 .002 £ .000
tNodeEmbed 171 +.006 .004 £ .004 002 + .002

DAEGC .390 +.086 173 +.054 128 +.060

DMoN 165 +.009 .002 +.004 .002 +.003

TGC 682 + .006 433 +.009 416 + .009

Table 6.2: Synthetic TADC-SBM [129] graph baselines. Values are mean + standard deviation
over 5 runs. Bold and underline mark the highest and second-highest means per dataset and
metric. Fraction of nodes changing communities in each snapshot approximately given by 1 — 7.
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Dataset Variant Accuracy AMI ARI
SBM Leidenys 1.000 + .000 1.000 + .000 1.000 + .000

= Leideng 849 + .055 945 + 022 848 + .048
SBM Leidenys 432 + .010 149 + .005 131 + .004
n=T Leideng 379 +.043 132 +.016 115 +.017
SBMY Leidenys 186 + .010 .019 =+ .006 011 +.003
=0 Leideng 204 + .017 019 +.008 012 +.005
SBM Leidenys 181 +.011 013 + .004 .007 £ .002
n=20 Leideng 180 + .006 010 + .002 006 + .002
B Leidenys 181 + .008 .014 + .005 .008 + .003
=0 Leideng 181 + .006 .008 + .004 .005 + .002

Table 6.3: Leiden baselines on SBM graphs. Values are mean =+ standard deviation over 5 runs;
bold marks the highest means. Leideng and Leidenysg denote static and multislice modularity
optimization on the aggregated and supra-graph constructions, respectively (Eq. 4.5 and 4.9).

Meanwhile, modularity optimization with the default Leiden [176] algorithm imple-
mentation [177], which yields a consistent [205] clustering objective for n = 1, fails to
recover the planted partition for 7 < 1 (Table 6.3), even when using the multislice con-
struction (Eq. 4.9) that explicitly encodes temporal dependencies, as shown in Table 6.3.
In the SBM graphs generated with 1 < 1, however, it yields better results than DMoN,
which optimizes a similar objective by gradient descent (Equation 6.16), suggesting that
the latter’s optimization is more sensitive to the temporal mismatch between historical
and final partitions, which the feature signal cannot fully compensate for in the evalu-
ated regimes. This observation motivates work on neural encoders that explicitly model
temporal dependencies in the clustering objective, as explored in Chapter 7 of this thesis
— although the results here shown also suggest that the benefits of such an approach
may be limited to regimes where (i) the planted communities are sufficiently stable when
the graph is aggregated, i.e., their (spatial) signal remains informative, which depends on
the resulting within/between edge ratio and average degree of the communities in the
sparse SBM regime (Equation 4.2); (ii) the spatio-temporal signal in itself is sufficiently
informative, which depends on the degree of temporal correlation between snapshots
and the strength of the coupling parameter (Equation 4.3); or (iii) the feature-based sig-
nal is able to compensate for the corruption of the previous ones, which varies based on
the degree of alignment between the feature and community signals (Figure 5.2).

The remaining observations clarify the limits of the experiment. First, spectral clus-
tering on the aggregated graph performs well only when the planted communities are
stable, as expected. Second, although TGC attained the best results in the domains
where 7) < 1, its performance on SBM,_; was worse than methods relying on graph
topology alone (Spectral, Leiden), optimizing structure and features (DMoN), or using a
reconstruction-based objective (DAEGC), as the model does not yield a consistent graph
clustering objective [205], as discussed in Section 4.2.1. Third, Attri2Vec [201] does not
improve over Node2Vec, despite incorporating node features, suggesting that a random-
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walk objective jointly exploiting it is insufficient to retrieve community structure when
the sampled neighborhoods did not enhance the spatio-temporal signal. And last, the ex-
periment perturbed the structure-based signal, but kept features static and ground truths
on the last snapshot, thereby favoring a particular modeling approach; future compre-
hensive benchmarks may seek to introduce dynamic node- and edge-level features as
well, to assess the robustness of neural methods to different types of signal strains.

This interpretation is supported by the empirical structure of the generated graphs,
which contain [V| = 1024 nodes over 8 snapshots and have similar average degree
(= 9.8) in all graphs (Table 5.2). The main variation is therefore not graph density,
but the alignment between historical topology and the target partition: for n = 1, all
snapshots remain assortative with respect to the planted labels, with an average with-
in/between edge ratio of 1.26, whereas, as  — 0, snapshots become weakly aligned
or even disassortative with respect to the final partition, with average ratios of .30 for
n = .5 and .28 for n = 0. The final snapshot itself remains as strongly assortative as the
final snapshot of SBM, —; in all simulations; the benchmarks thus create a mismatch be-
tween historical topology (from evolutionary dynamics) and the community assignment
being evaluated — connecting it to the detectability discussion (Section 2.2.2): recovery
depends not only on the instantaneous assortative signal, but also on the temporal sta-
bility of the labels. In the dynamic case, decreasing 77 weakens the correlation between
earlier labels and the final partition, so that earlier snapshots dilute the effective signal
of objectives that aggregate, smooth, or optimize independently across time. The poor
performance of Spectral, Leiden, and DMoN for n < 1 should therefore not be read as
a modeling failure a priori, but as a consequence of optimizing objectives whose target
are naive to the temporality of community structure. This also explains why random-
walk proximity fails in the same regimes, regimes (Node2Vec, AttrizVec, DynNode2Vec,
tNodeEmbed); whereas other time-aware methods may benefit from, e.g., modeling his-
torical interactions to emphasize more recent signals, thus yielding distinct modeling
assumptions.

This section’s results therefore do not serve as a general ranking of the evaluated
baseline methods; rather, they show that different models implicitly target distinct tem-
poral objects: e.g., a final-snapshot partition, a persistent partition over the whole graph,
or a temporally smoothed community trajectory. Future synthetic evaluations should
ideally seek to vary transition probabilities, feature alignment (Figure 5.2) and dynam-
ics, number of snapshots, and other properties systematically; the TADC-SBM generator
also admits natural extensions to directed, weighted, multigraph, dynamic-feature, and
mixed-membership settings. The next section discusses the broader implications of these
results for neural community detection and the challenges of defining ground truths.

6.2.3 Ground truths on neural community detection*’

Benchmark evaluations of (neural and algorithmic) community detection methods often
rely on observed node metadata as a proxy for ground truth [131]. This assumption is
not generally justified: metadata may encode meaningful node properties, but it need

°Part of this section was partly presented in: Efficient ‘Neural’ Community Detection on Temporal
Graphs: Challenges, Advancements and Opportunities. Passos, N.A.R.A. (2025). Poster presentation at the
Future Artificial Intelligence Research General Conference (FAIR-GC ’25), Dec. 10-12, 2025, Rome, Italy.
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Figure 6.5: Zachary’s Karate Club network [199]. The log-likelihood surface for SBM biparti-
tions shows two peaks: the lower peak aligns with ground-truth factions, while the higher peak
represents a leader-follower partition, illustrating how different community definitions may be
favored by different criteria, even in simple, unattributed networks. Adapted from [131].

not coincide with the mesoscale organization induced by topology, attributes, and their
temporal co-evolution. The issue is especially important for neural models, whose ex-
pressive encoders can fit strong attribute regularities, but not in a principled manner —
including cases where those attributes are only weakly coupled to the structural commu-
nity signal. In such settings, high agreement with metadata may indicate attribute pre-
diction rather than community recovery, while low agreement may reflect a mismatch
between metadata and the graph-generating structure rather than model failure''.

This distinction is visible even in simple networks. In Zachary’s Karate Club [199], the
observed factions are often used as ground-truth labels, although they do not necessarily
coincide with the partition preferred by an explicit generative model [131]. Figure 6.5
illustrates this mismatch: the metadata-based split corresponds to one local optimum
of the SBM likelihood surface, whereas a different leader-follower partition attains a
higher likelihood under the fitted model. The point is not that the likelihood-maximizing
partition is universally correct, but that metadata, topology, and model likelihood can
define different valid community descriptions of the same graph, as Figure 6.5 illustrates.

This ambiguity is a characteristic of the non-uniqueness of community structure. For
neural models, this is compounded by optimization and representation learning: the loss
landscape is usually highly non-convex, and the learned embeddings may encode mul-
tiple sources of signal, including topology, attributes, and temporal dependencies, in a
way that it becomes unclear which is driving the resulting partition. When evaluation is

"See Section 4.2.3 for a discussion of community detectability thresholds in temporal SBM graphs.



6.2. COMMUNITY DETECTION WITH NEURAL NETWORKS 106

reduced to metadata recovery, it becomes difficult to distinguish community detection
from attribute prediction or node classification: a model that accurately predicts meta-
data may be exploiting patterns other than in the community structure, whereas a model
that disagrees with metadata may still recover coherent structural partitions.

Metadata and community structure should therefore be treated as related, but distinct
properties of a system. The former describes observed attributes or annotations, such
as demographic variables, institutional affiliations, interaction labels, or roles; while the
latter refers to regularities in how nodes interact, connect, or co-evolve within the same
network. Signals may indeed align, as shown in Figure 5.2 — and when they do, their
joint consideration allows more expressive models to identify more informative patterns,
which is where GNNs’ strength lies — but there is no general reason to assume that the
most informative structural partition is also the one that best predicts observed metadata.

Real-world metadata also reflects measurement choices. Annotations may be noisy,
incomplete, delayed, temporally mismatched, or defined for purposes unrelated to the
network process being studied. In the American college football network [53], for exam-
ple, conference labels are often used as metadata, although labels and links may refer to
different seasons or institutional arrangements. Such cases do not make metadata use-
less; rather, they make it insufficient as a definitive benchmark for community detection.

For this reason, the evaluation of neural community detection benefits from con-
trolled benchmarks in which topology, attributes, and temporal dynamics are gener-
ated jointly with known underlying communities. Models like TADC-SBM [129] pro-
vide such controlled environments, where it is possible to separate sources of signal
and test whether a model recovers communities from edges, attributes, temporal per-
sistence, and different combinations thereof — as shown in Figure 5.5 to evaluate the
effect of doubling the number of nodes, edges, and snapshots on model performance.
The next chapter presents a neural architecture that extends modularity optimization to
continuous-time graphs, then evaluated on both synthetic and real-world benchmarks,
including TADC-SBM and temporal networks with additional node-level metadata.



Chapter 7

Neural Community Detection

Established descriptive methods for community detection [135], such as spectral cluster-
ing and modularity optimization, uncover mesoscale structures by analyzing the graph’s
topology. Node and edge metadata generally enters these methods through additional
assumptions and bolt-on extensions, on top of their objective functions — motivating
the exploration of expressive models that can learn from these sources simultaneously.

Neural community detection methods differ not only in architecture, but also in the
object they optimize: some reconstruct graphs, some learn embeddings for post hoc clus-
tering, and some directly optimize differentiable relaxations of graph-theoretic commu-
nity objectives. The empirical results shown in the previous chapter further demonstrate
that neural and temporal mechanisms are useful only when their inductive biases align
with the structural, attribute-based, and temporal signals present in the data.

This chapter builds on that observation by introducing the Longitudinal Modular-
ity Network (LMoN), a neural model that extends differentiable modularity optimiza-
tion to continuous-time attributed graphs. LMoN extends the DMoN framework [179]
by replacing the static modularity objective with a temporally reweighted longitudinal
modularity [10] operator. Unlike the models reviewed in Chapter 6, LMoN does not
specifically introduce temporal dependence by the means of an encoder: it modifies the
graph-theoretic operator entering the community objective, so that recency-weighted
interaction history affects both message passing and modularity optimization.

In the strict conceptualization of neural community detection adopted in this the-
sis, LMoN optimizes a community objective directly rather than clustering embeddings
produced by an auxiliary representation-learning loss. The model maps a time-varying
attributed graph to (soft) community assignments by combining a temporal graph op-
erator, a graph neural encoder, and a differentiable longitudinal modularity objective.
When temporal variation is removed, the operator reduces to the static case, and LMoN
recovers the DMoN setting; improvements over the static baseline can therefore be at-
tributed to the added temporal mechanism rather than to a change in encoder class.

The purpose of this chapter is to evaluate whether such a temporal graph-theoretic
objective improves neural community detection on graphs with mixed topology, at-
tributes, and temporal dynamics. The architecture and objective are first introduced,
including the temporal operator and implementation details. The model is then evalu-
ated on real-world and synthetic graphs against algorithmic and neural baselines. The
chapter concludes by discussing when LMoN improves over static neural modularity,
when it fails, and what these outcomes imply for temporal graph learning tasks.
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7.1 The LMoN graph neural network”

The Longitudinal Modularity Network (LMoN) is a GNN that optimizes a differentiable
function mapping a time-varying attributed graph G = (V, £, X)) to a (soft) community
assignment matrix C € [0, 1]"**, where n = |V is the number of nodes, k is the number
of communities, and X € R"*¢ is a d-dimensional node feature matrix with metadata.

The model comprises three components, illustrated in Figure 7.1: a temporal operator
that reweights the graph by interaction recency, producing a (learnable) time-decayed
adjacency matrix A;an optionally multilayer graph encoder (e.g., a GCN [84]) that maps
A and X to low-dimensional node embeddings; and a clustering layer that produces soft
assignments by a softmax, optimized on the temporal modularity objective.

Soft memberships relax the discrete modularity-maximization problem into a con-
tinuous, real-valued space suitable for gradient-based optimization [82], and naturally
accommodate overlapping (mixed-membership) communities as a convex combination
of cluster assignments. Hard assignments are recovered by an arg max over each node’s
membership vector, which is used for evaluation against ground-truth partitions.

Note that the clustering layer is agnostic to the specific choice of an encoder: although
the instantiation here evaluated uses a graph convolutional network, chosen for its scal-
ability and direct comparability over the static baseline (DMoN), the temporal operator
and objective are both compatible with other architectures, including attention-based,
inductive encoders, and domain-informed priors such as for molecular dynamics [105].

—
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Figure 7.1: Illustration of the LMoN architecture. A temporal graph G is reweighted into a time-
decayed matrix A and encoded with node attributes X to produce soft assignments C. Training
minimizes L1 \1oN, combining modularity, smoothness, regularization, and a (decoupled) Hawkes
negative log-likelihood of the event sequences through a distinct optimizer. Revised from [127].

'Initially presented in Dynamic Graph Clustering with Graph Neural Networks. Passos, N.A.R.A. (2026).
Poster presentation at the Learning on Graphs (LoG) Italian Meetup, 9—11 June, 2026, Pisa, Italy.
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7.1.1  Optimization objective

LMoN is trained by minimizing an unsupervised, multi-component loss that performs
community detection directly through a differentiable modularity objective.

The loss function is composed of two main terms: a community detection objective
L moq and an optional temporal likelihood Ly, which supervises the temporal operator
through a Hawkes-based negative log-likelihood of events. It may be expressed as

ELMON = £mod + £time; (7.18.)
Emod - _QL + ) + Ra (71b)
Etime = 7'[7 (7-10)

where Qy, is a spectral longitudinal modularity objective; R is a collapse regularization
term; S is a temporal smoothness term [10]; and H is a Hawkes-process negative log-
likelihood that supervises the temporal operator — its parameters are updated separately
from the community objective, and it does not define the modularity criterion itself.

Community detection objective

The modularity term applies the spectral relaxation underlying DMoN to the longitudi-
nal modularity matrix, defined by Equation 4.13. It may be expressed as

1
Q= 5 Tr(C'M;, C), M, =A-P, (7.2)

where 2m =}, /Alij is the total weighted degree, A isthe temporally decayed adjacency
matrix (Section 7.1.2), and My, is the longitudinal modularity matrix. The null model P
is defined by the mean-membership longitudinal link expectation (Equation 4.12) [10],

P = % (dout ©P) (din ©P) ", (7.3)
where d¢, din are the weighted degree vectors (equal for undirected graphs, do. =
d;, = d), p is a node-presence vector encoding normalized lifetimes, and ® denotes ele-
mentwise multiplication. This extends the classical modularity null model to account for
temporal node activity, without requiring the objective to be formulated as a sequence
of independent snapshot modularities, and recovers the standard configuration model
when presence is uniform, such as in static graphs or when all nodes remain present.

The collapse regularizer R, inherited from DMoN [179], discourages the trivial solu-
tion in which all nodes share a single community, and may likewise be expressed as

R:19<\/7E ZC —1), (7.4)
1 2

where 1 controls its strength and || - |2 is the Euclidean norm of the vector of per-cluster
membership masses; the term is minimized (zero) when community sizes are balanced.
Unlike harder orthogonality constraints, this relaxed penalty discourages partition col-
lapse without forcing assignments to be exactly balanced or dominating the primary
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objective — therefore plays a role analogous to the size-normalization in ratio cut mini-
mization (Equation 2.7), but in a differentiable soft-assignment form introduced in DMoN
as a less restrictive alternative to orthogonality-based pooling penalties [179].

The temporal smoothness regularizer S encourages assignments that are stable over
time, penalizing nodes that switch communities between consecutive interaction times,

§= =3 el — <], 73
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the differentiable relaxation of the longitudinal smoothness term of Equation 4.15, where
w controls its strength and ) is the soft assignment of node u at time ¢. Note that, in
several real-world datasets, community assignments are not expected to change over
time (static community detection in dynamic graphs); in such cases, the model predicts
a single assignment matrix for the temporally reweighted graph, and so the smoothness
term may be omitted (w = 0) as it does not contribute to the objective. The term is
retained in the formulation for settings in which the model produces time-indexed as-
signments C*) and temporal community trajectories must be explicitly estimated [105].
Combining the community terms in the loss yields an explicit objective, defined as

Y cif - 1> :
i 2

(7.6)

which balances longitudinal modularity, temporal coherence, and community sizes.
Under static conditions, the objective reduces to the DMoN spectral modularity re-
laxation; therefore, the usual modularity-based consistency proof [179, 205] applies. In
temporal cases, the same proof applies insofar as the graph is assortative and the spatio-
temporal signal is aligned with the target partition, such as in the sparse SBM regime pre-
sented in Section 5.1, for which detectability thresholds are well-studied (Section 5.1.2).
The model optionally augments this objective with a Hawkes negative log-likelihood
term for the temporal operator (Figure 7.1), which is optimized with a separate optimizer
and small weight to avoid dominating the primary objective and allow for time-naive en-
coders like GCNs to exploit temporal dynamics from the reweighted graph in a scalable
manner. Note that, although the Hawkes likelihood is not strictly a community objec-
tive, it is compatible with the encoder-agnostic design of LMoN and may be used to
supervise the temporal operator when the interaction sequences are known, without re-
quiring additional supervision on the community assignments themselves, as seen next.

uey t

1 . . (VA
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Temporal supervision objective

For an edge (i, j) observed over a time window [0, T, let Tj; = {t1,...,ty,, } denote its
interaction times. LMoN models these events with a conditional intensity defined as
Nj(t) = i+ Y K(E—t), (7.7)

€Tyt <t

where f;; is a baseline interaction rate, a controls self-excitation, and k(+) is a non-
negative decay kernel. Employing, for instance, an exponential kernel x(t) = exp(—/t),
the intensity is a Hawkes process [72] that models the likelihood of future interactions
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based on past events, where the decay parameter [ controls how quickly the influence
of past events diminishes over time. Other choices of kernel are possible, such as power-
law or Rayleigh, and the model supports trainable «, 5 and p parameters, as seen next.
The temporal supervision term Lime = H (Equation 7.1) is an auxiliary likelihood
used to fit the parameters of the temporal operator that produces A Tt encourages the
decay applied to each interaction to be consistent with the observed event sequence,
while leaving the community criterion defined by the other terms unaffected. Under the
standard point-process likelihood, the negative log-likelihood over observed events is

Actime =H=- Z Z log )\zg tk Z / Zj (7-8)

(1,5)€E tk€Tyj (i,5)€€

As amodeling approach, this is useful when event timestamps contain information about
the persistence or recency of interactions. In this setting, H provides a learnable decay
signal: the event term rewards high intensity at observed interaction times, while the
compensator penalizes intensity assigned to intervals in which no interaction occurs.
The resulting operator emphasizes edges whose recent histories are consistent with per-
sistent interaction, rather than treating all aggregated edges as equally informative.
Maximizing event likelihood is nevertheless not equivalent to recovering communi-
ties. An event sequence may be temporally predictable without being modular, and a
modular partition may remain stable even when the point-process likelihood is weak,
for example when interactions are sparse, bursty, or weakly self-exciting [18]. Therefore,
‘H is used only as a supervisory signal for the temporal operator: optimized separately
from L,,,4 and assigned a small contribution to the total loss, the temporal likelihood
informs the reweighted graph without being treated as evidence of community quality.

7.1.2 Encoding strategy

The objective above is agnostic to the encoder architecture. This section describes the
instantiation used in the experiments: a Hawkes-Laplacian temporal operator followed
by a two-layer graph convolutional encoder. The encoder itself is deliberately simple,
since graph convolution has already been introduced in Chapter 6 and provides direct
comparability with the static DMoN baseline. The temporal contribution of LMoN is
instead located in the operator passed to the encoder and to the modularity objective.

Hawkes-Laplacian operator

The Hawkes-Laplacian operator reweights the adjacency matrix and applies a symmetric
normalization, following Equations 7.7 and 2.5. Current implementation multiplies the
time-decayed aggregated edge weight by A;;, so pairwise interactions that have a higher
baseline weight are emphasized to support weighted graphs (binary otherwise). For an
observed edge among nodes (i, j) at time ¢, its time-decayed weight is given by

Ay(t) = Ag(t) | g+ Y wek(t—t) |, (7.9)

€Tyt <t

where A;; is the edge weight, T}, is the set of past interaction times for the edge, wy, is the
weight of the k-th interaction, and remaining parameters follow previous definitions.
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Following a similar parameterization to [100], the baseline intensity may be set to

i = /Tl p; = softplus(x; w, +b) + ¢, (7.10)

where X; is the feature vector of node 7, w, is a learnable weight vector, and b is a learn-
able scalar bias (shared across all nodes). The softplus operator ensures non-negativity,
while a small constant € < 1 keeps p; > 0, avoiding unstable gradients when yi;; — 0.

Message passing is then performed on the normalized reweighted adjacencies A e,

A = ]571/21&1571/2, ]j“ = Z Aiju (7.11)
J

and subsequently used for message passing, so temporal information enters the model
before the encoder. Interactions are reweighted by their accumulated pairwise intensity,
so the resulting adjacency is used to propagate information through the graph with the
age-based discounting introduced next (Eq. 7.13). The same A also enters the longitudi-
nal modularity term through My, = A-P (Eq. 7.2), so the Hawkes-Laplacian operator
affects both representation learning and (temporal) community objective optimization.

Kernel functions

The temporal kernel x(A) determines how the influence of an interaction changes with
its age A =t — t;. The experiments in this chapter employ the exponential kernel

Kexp(A) = exp(—=p4A), = —logp, (7.12)

where (3 is the decay rate and p is the corresponding discrete-time retention factor. This
parameterization allows unconstrained optimization of p € (0,1) through a sigmoid
transform while ensuring non-negative decay. It also helps with interpretation: p ~ 1
retains long interaction histories, whereas p ~ 0 rapidly suppresses past interactions.

Two alternative kernel functions are also implemented: power-law kernels, which
decay more slowly than an exponential kernel and may be appropriate when old in-
teractions retain influence over long horizons; and Rayleigh kernels, which model in-
fluence as initially increasing before decaying, making it suitable for domains where
activity peaks after a delay (A = 1/4/f3) rather than immediately after an event, such as
engagement cascades in online social networks. These alternatives are best viewed as
domain-informed extensions of the temporal operator, which do not coincide with the
sparse SBM regime established in Section 6.2.2. Moreover, they also encode different as-
sumptions about interaction dynamics and do not admit the same efficient exponential
recursion in the current implementation; in special, the exponential event-time readout
is refined into the node-anchored recency operator of Equation 7.13, detailed next.

Node-anchored recency kernel

To allow the model to distinguish stale from recent interactions, the operator (Eq. 7.9)
is modified to consider the interaction time specific to each pair of nodes. Pairwise
intensity is thus read out at an anchor time 7;;, discounting each event by its age 7;,; — t;;
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stale interactions are therefore downweighted, so that the adjacency reflects recency
relative to the prediction horizon. This results in a single aggregated adjacency weight,

Aij = Ay <Nz‘j + o Z wy, K(Ti5 — tk)>, iy = (65 ), (7.13)
tkETij
where the sum now runs over all past interactions of the pair and ' = max{t :

(1,-,t) € £} is node i’s last activity. Anchoring to the mean of the two endpoints’ last-
activity times preserves a lone tie between mutually dormant nodes: when a pair’s only
interaction is a single shared event, 7;; coincides with it, giving age 0 and full weight,
whereas a stale edge incident to a still-active node is downweighted. Equation 7.13 thus
breaks the per-pair shift invariance of Eq. 7.9, and under full presence (£2* = T Vi) it re-
duces to a global horizon anchor 7;; = T', so the node- and horizon-anchored operators
coincide whenever all nodes remain active. The normalized operator D~/2AD~!/2 then
feeds both message passing and the modularity objective for community assignments.

7.1.3 Implementation details

LMoN learns a differentiable map f : G — C € [0, 1]"*" on a temporal attributed graph
G = (V,£,X), where X € R"*? is the node-attribute matrix and C is a row-stochastic
soft assignment matrix. The implementation relies on the TensorFlow framework with
adaptive moment estimation [82] for stochastic gradient descent, with (optional) early
stopping enabling fully unsupervised training and model selection — a common sce-
nario for the task when no ground truths are available [179]. The next sections detail its
computational complexity, hyperparameterization, and relation to its baseline, DMoN.

Computational complexity

Optimizing a relaxed form of modularity through gradient descent yields a highly non-
convex loss landscape, which calls for careful management of model complexity. The
main computational issue is that the modularity matrix is dense if formed explicitly,
which the model avoids materializing by employing a sum of sparse-matrix multiplica-
tions and rank-one degree normalization, bringing its time complexity from O(n?) to
O(d?n) per edge, where n are nodes and d, is their feature dimensionality [179].

The Hawkes-Laplacian operator first constructs a (sparse) temporally reweighted ad-
jacency A from observed event histories (Equation 7.9), which the graph convolutional
encoder then receives in its normalized form (Eq. 7.11). The modularity objective (Eq. 7.2)
instead employs the unnormalized longitudinal matrix (Eq. 4.13), therefore expressed by

A dou din T
2m

: (7.14)
meaning that temporal activity modifies the rank-one null model (Eq. 4.7) through

presence-weighted degrees, while the observed term remains the reweighted adjacency.
The modularity trace (Equation 7.2) is evaluated using the decomposition

Tr(CTMLC) = Tr(CTAC — CT(do ©p)" (din @ p) c) , (7.15)
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where d;, = doy for undirected graphs. The first term is computed by sparse multipli-
cation over the nonzero entries of A, and the second is a rank-one degree-presence cor-
rection. The dense n X n modularity matrix is therefore never constructed; together with
a GCN encoder, the per-epoch cost grows linearly with the number of edges, O(m d? n).
The regularization term R is inexpensive and computed in O(n) [179], while the
smoothness term S is computed in O(2|E| —n), as each interaction contributes with two
possible node reassignments to a distinct community — excluding initial assignments,
which do not constitute a transition and are therefore not penalized (Equation 4.15) [10].
For the exponential kernel used in the experiments, event histories are grouped by
edge and sorted by time. If the event stream is unordered, this preprocessing costs
O(|€|log |€]) over |E]| temporal events; after sorting, the causal Hawkes excitation and
compensator are evaluated in a single pass, with cost O(|£|). Alternative kernels such
as power-law and Rayleigh do not use this exponential recursion in the current imple-
mentation and are therefore not the basis for the complexity reported here. Meanwhile,
the node-anchored readout (Eq. 7.13) requires one additional pass to obtain each node’s
last-activity time ¢!*** and a per-pair aggregation at the anchor over the (observed) edges,
both linear in the number of events, preserving the overall complexity of the operator.
The overall result is a scalable model that is suitable for large-scale sparse temporal
graphs, a regime which many real-world networks are expected to inhabit. Note that the
static embeddings outputted by the encoder (GCN) are optimized for cases where the
community structure is expected to be static, like in the real-world datasets described in
Table 5.5 and evaluated next. For the synthetic graphs instead, the last-snapshot ground
truths were considered, so to allow fair comparison with the static baseline (DMoN)
and match the encoder’s output. In such cases, the smoothness term may therefore be
omitted from the computational cost (w = 0) as it does not contribute to the objective.

Hyperparameterization

The Hawkes decay parameters are updated separately from the community objec-
tive, with gradient clipping and regularizers for numerical stability. In the absence of
ground truths, the number of communities £, learning rate, dropout, and regulariza-
tion strengths w, ¢ (Equations 7.4 and 7.5) may be selected by grid search, with training
halted by early stopping using an unsupervised criterion — e.g., the modularity score or
structural metrics, such as the global ratio of edges within communities (i.e., coverage?),
or normalized by number of classes (i.e., conductance; Eq. 4.1). Note that £ might be set
to a maximum number of communities larger than that of the dataset — through the use
of softmax, the model is not constrained to mapping nodes to all £ communities [179].
If baseline intensities are learned (Equation 7.10), the weight vector w, is initialized
on a normal? distribution to preserve activation variance during the forward pass and
gradient variance during the backward pass, [55], and the bias term is initialized as b =
softplus ™ (pg), with py = 1 (default), so u; = i on average for all nodes at start.
Lastly, as in DMoN, the clustering layer’s weight matrix is initialized to be orthogonal,

2 If unnormalized by community size, coverage(G) = 1 — conductance(G), i.e., its complement;
coverage is biased toward fewer, larger clusters, while conductance may favor many, smaller clusters.

3Since p; enters the log-likelihood both directly and via the jointly learned «, 5, an arbitrarily mis-
scaled baseline, e.g. from zero-initializing b or «, could dominate the initial loss and slow convergence.
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W W = I, preserving activation norms [156], while the bias term is initialized to zero
as there is no target value to encode at start, i.e., no prior preference for any community.

Recovering DMoN as a special case

Note that DMoN may be seen as a special case of LMoN when temporal information is
discarded and the graph is treated as static, so that A reduces to A up to normalization.
The presence-weighted null model P of longitudinal modularity (Equation 7.3) re-
duces to the standard configuration model (Eq. 4.5) [23] if and only if node activity is uni-
form (p; = 1 for all nodes 4, yielding an all-ones vector p); in such case, Lpyon = Eﬁll\(}[%N.
For the full loss, uniform presence makes every node anchor coincide with the hori-
zon, 7;; = T'; if the baseline intensity is kept constant with y;; = y for all pairs (¢, j), and
the kernel applies no discounting (x = 1,1i.e. p — 1), then /Alij = A 1 (1+a ZtkeTij Wg)-
Under uniform activity (e.g., in citation graphs, where each observed pair interacts ex-
actly once), this per-pair factor is identical across pairs and reduces to a global rescaling
of A, which the symmetric normalization (Eq. 7.11) absorbs. The Laplacian operator of
DMoN is thus recovered, and then and only then Lpyion = Linvon (Eq. 6.16 and 7.1).

If temporal information is available but community memberships are fixed over time
instead (static community detection on dynamic graphs), the model may still be trained
with the temporal operator and longitudinal modularity objective, as node lifetimes
within communities are accounted for in P. In both described cases, the smoothness
term S (Eq. 7.5) may be omitted (w = 0), as nodes do not switch communities over time.

7.2 Experimental evaluation and discussion

The central question of this thesis is revisited here in its most demanding regime, where
community structure must be inferred jointly from topology, attribute metadata, and
temporal dynamics. The hypothesis is that LMoN should improve over single-source
and static baselines when the structural signal-to-noise ratio varies over time, while
metadata remains comparatively stable, as in the sparse TADC-SBM regime (Section 5.1).

Experimental setup

In the evaluated configuration, the encoder is a GCN applied to a weighted matrix A
and node features X, followed by a softmax clustering layer producing C € [0, 1]"**,
with a fixed number of communities % set to the known ground truth for each dataset.
The embedding dimension was set to L = [512] for experiments with both real-
world and synthetic datasets — following previous observation that a two-layer encoder
already sufficed to recover ground truths in the aggregated 7 = 1 graph (Table 6.2), so to
allow the observation of any relative performance gains. The number k of communities
is set to the known ground truth for each dataset, as with the presented baselines in Sec-
tion 6.2.2. Remaining parameters were set to the same values for all experiments: excita-
tion fixed at v = 1, decay parameterized to 5 = — log(p) with initial valuep = 0.9, em-
ploying an exponential kernel, and baseline intensity fixed to a scalar ;¢ = 1. This setup
allows studying the effect of the temporal operator and longitudinal objective without
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introducing additional trainable parameters. Learning rates for the community and tem-
poral objectives were set to 0.001, the Hawkes likelihood was assigned a small weight
(0.01) to avoid dominating the primary objective, and the remaining hyperparameters
were set as the same for DMoN, i.e., collapse regularization ¥ = 1.0 and dropout rate
of 0.3 to avoid overfit to spurious optima [166]. Models were trained for a maximum of
1000 epochs and evaluated in a transductive learning setting (Fig. 3.7) on the last epoch.

Note that real-world datasets in this experiment (Table 5.5) all have temporal dy-
namics but static community memberships. The synthetic SBM graphs (Table 5.2) are
evaluated against their last-snapshot ground truths, where the structural signal is at
its strongest based on transition probability 1 (Figure 5.3). In strict analytical terms, the
evaluation is then a direct test of whether the combination of a Hawkes-Laplacian opera-
tor (Equation 7.9) and longitudinal objective (Eq. 7.2) with mean-membership correction
(Eq. 7.3) improve model performance by reweighting the graph to emphasize recent and
persistent interactions before message passing and modularity optimization. Using the
same convolutional encoder as DMoN keeps the receptive field fixed across models —
although an encoder-versus-encoder comparison is out of the scope of this experimen-
tal section, it should be noted that different encoder strategies may be employed with
either model, as LMoN’s is encoder-agnostic and compatible with alternatives for induc-
tive learning and other distinct, more expressive message-passing schemes (Figure 6.1).

7.2.1 Real-world temporal graphs

In summary, on the real-world graphs evaluated, whether the Hawkes-Laplacian op-
erator yields a resolvable improvement over the static DMoN baseline depends on the
informativeness of the spatio-temporal signal and its alignment with the target partition.
As shown in Table 7.1, on four of the seven datasets considered for evaluation, the
label-based metrics of both models fall within run-to-run variance. The exceptions are
Brain, where LMoN improves on all three metrics (accuracy, AMI, ARI) by a margin be-
yond their standard deviation, and PubMed and School, where DMoN leads by smaller
but resolvable margins; elsewhere, the two models display similar performance. This is
explained by a mechanistic interpretation: on citation datasets (all except Brain, Dblp and
School), each pairwise interaction is observed only once, so the self-exciting term of the
Hawkes intensity is close to null and the operator reduces to a mild baseline reweight-
ing of the static graph. The three remaining datasets are precisely those on which node
pairs interact repeatedly, so the self-exciting term is active and the reweighted operator
can depart from the aggregate — a clear gain on Brain, no resolvable difference on Dbip,
and a small but consistent loss on School. Lastly, note that Patent has much higher tem-
poral resolution than PubMed, so the decay kernel spreads a single interaction across a
very long horizon, yielding an advantage for DMoN’s static operator, but statistically
indistinguishable performance in the larger citation datasets ArxivAl and ArxivMath.
The structural quality of the communities is here measured by coverage, the fraction
of edges falling within communities, pooled over the whole graph; and by conductance,
a more stringent, per-community measure, averaged unweighted across clusters (Foot-
note 2). On five of the seven datasets, both models achieve near-identical coverage, and
DMoN attains lower (better) conductance overall. However, on Brain, LMoN achieves a
resolvable improvement in coverage and label-based metrics, while conductance is only
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slightly better than the baseline. This highlights how maximum-coverage partitions may
differ from the target partition itself, and suggests that recency weighting may concen-
trate each community on a persistent core of recurring interactions. Lastly, on School,

Dataset Model Acc. T AMI 1 ARI T Cov. T Cond. |
. LMoN .539 +.023 291 +.018  .260 +.022 .802 4+ .002 .235 4+ .010
ArxivAl [99]
DMoN  .521+.014 .298 +£.009 .251+.010 .789+.003 .216+ .004
. LMoN .323+.010 .368+.006 .196+ .005 .884+.003 .1144+.003
ArxivMath [99]
DMoN  .3194+.013 .368+.009 .193+4+.011 .885+.002 .111+.003
Brain [141] LMoN .403 +.004 .470+.002 .270+ .002 293 +.001 .720 4+ .001
rain [141
! DMoN  .333+.037 .3974+.033 .233+.034 .525+.040 .724 +.040
Dblp [200] LMoN .3924+.021 .290+.013  .1724+.009  .819+.004 .178 +.004
209
P DMoN .394+.019 .293+.020 .179+.015 .821+.003 .177+.004
Patent [65] LMoN 360+ .040  .181+.031  .137+£.039  .997+.002  .004 + .002
aten
DMoN .390+.065 .223+.080 .1754+.080 .998+.001 .003 +.001
LMoN .622+.001 .2084+.003 .192+.003 .926 4+.000 .080+ .000
PubMed [146]
DMoN .622+.001 .216+.001 .196 +.001 .922 4+ .001 .084 +.001
School [106] LMoN 981 +.003 .959+.007 .956+.008 .933+.001 .072+.001
chool [10
DMoN .993 +.002 .986+.004 .984 4+ .004 .935+.000 .070+.001

Table 7.1: Evaluation on real-world datasets. Values are mean =+ standard deviation over 5 runs.
Highest means are marked in bold; arrows indicate whether higher/lower values are preferred.
Dataset properties are described in Table 5.5. Further model comparisons are drawn in Table 6.1.

Dataset Model  Accuracy T AMI 1 ARI T Cov. 1 Cond. |
SEu LMoN  .8944 004 .766+.007 .776-+.009 471+ .003 .530+.003
=0 DMON 888 4.015  7554.022 7654 .027  .467+.010  .535+.010
- LMoN .249+ 014 .056+.008 .038+.006 .192+.002 810+ .003
=T DMoN  .216+.008 .037+.004 .0244.003 .193+.002 .808 +.002
- LMoN 1944 005 .020+.004 .012+.002 .183+.002  .818+.002
=% DMoN  .186+.005 .0134.002 .007+.001 .185-+.001 .816 +.001
- LMoN .177+.005 .009+.002 .005+.001  .180+.001  .821+.001
=% DMoN 1774 .002 004+ .002  .003+.001 1824+ .001 819+ .001
- LMoN 1824 .010 .013+.007 .007+.004 .180+.001  .820 % .001
=" DMoN  .1694.004 .003+.001  .0024.001 .183+.001 .818+.001

Table 7.2: Evaluation on synthetic datasets. Values are mean =+ standard deviation over 5 runs.
Highest means marked in bold; arrows show higher/lower value preference. Datasets, baselines,
and further model comparisons are described in Table 5.2, Figure 5.3, and Table 6.2, respectively.
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the aggregated graph already encodes community structure — recency weighting can
then only discard informative history, and LMoN settles consistently but only slightly
below the baseline, with remarkably similar coverage and conductance levels.

Therefore, the experimental results are consistent with the reduction property from
LMoN to DMoN, and with the thesis’s broader position: a temporal community detec-
tion objective confers an advantage only when the temporal signal is informative to re-
cover the target partition, and possibly more when it aligns with metadata. Among the
real-world datasets, the benefits of LMoN are thus best characterized in networks with
repeated interactions, where recurrence carries structure the aggregated graph does not
expose and the temporal signal may align with the target partition; elsewhere, the model
recovers the static baseline as a special case at no systematic cost, or underperforms
slightly when temporal information is uninformative or misleading to the task.

7.2.2 Synthetic temporal graphs

The regime with evolutionary community dynamics is examined next, considering the
last-snapshot ground truths of 5 previously generated TADC-SBM graphs (Section 5.1).
Overall, the synthetic benchmark separates the two models more sharply than the
real-world evaluation allows, and in the direction the temporal operator was designed
to improve: the structural signal-to-noise ratio of the graph decreases with 7, while the
Hawkes-Laplacian operator reweights (decays) adjacencies to emphasize recent and per-
sistent interactions, which are more likely to be informative about the target partition.
As shown in Table 7.2, LMoN attains higher label-based scores (AMI, ARI) than the
baseline DMoN at every level of community stability 7. The separation is resolvable out-
side one standard deviation at every n < 1; while at 7 = 1, where memberships are fully
persistent, the two models coincide within variance. The largest absolute gap occurs at
n = .75, which is the level of drift previously expected to be most informative for sepa-
rating temporal from static objectives. On the structural metrics, the ordering reverses:
when 77 < 1, DMoN attains marginally higher coverage and lower conductance — high-
lighting that label agreement is not a simple function of structural quality, and that the
temporal operator’s advantage is not a byproduct of better coverage or conductance.
Mechanically, as edges in these synthetic graphs are resampled independently at each
of the T" = 8 snapshots (Equation 5.1), the evaluation target is the last-snapshot ground
truth. Under drift (n < 1), the aggregated graph DMoN operates on therefore superposes
up to eight different partitions with equal weight, and the target partition is only one of
them; the Hawkes-Laplacian operator reweights that same graph by interaction recency,
which concentrates edge mass on the most recent snapshots and hence on precisely the
partition against which both models are scored. This also accounts for the reversal on
coverage and conductance, which are computed on the aggregated graph: a partition
tuned to the most recent snapshot must sit slightly worse with respect to the union of
all snapshots, so the small structural deficit is the cost the operator pays for the label-
based gain, not a defect of the partition it recovers. At n = 1, every snapshot carries
the same memberships, recency weighting has no additional structure to expose, and
the two models agree within variance — the behaviour anticipated by the reduction
condition A = A (Section 7.1.3), which is approached in effect on the examined regime.
The results are therefore consistent with the framing discussed in this research: tem-
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poral signal confers an advantage only when it carries information about the target par-
tition that a static, aggregated view of the graph does not already capture. In the syn-
thetic graphs, this condition holds whenever 7 < 1 — as nodes may transition between
communities, the aggregated graph superposes multiple partitions, which the temporal
operator models as time-decayed weights — while at = 1, edges are resampled but
the target partition is persistent (memberships fixed over time), so both models coincide
within variance. The trend across 7 is not monotonic, however: for n < .5, both DMoN
and LMoN yield accuracy only slightly above random (=1/k), so relative improvements
should not be read as absolute performance gains; LMoN also scores slightly lower at
n = .25 than at n = 0, with variance comparable to the difference, so its behavior in
low-7 regimes reflects the stochasticity of the generation process and the low signal-to-
noise ratio at those levels of drift, rather than a genuine advantage. This mirrors the
real-world results (Table 7.1), where Brain exhibits informative temporal characteris-
tics, allowing LMoN to improve model performance accordingly, while the remaining
datasets coincide within variance or are statistically indistinguishable from the baseline.

Altogether, this evaluation delimits when LMoN’s mechanism is useful: it is under
drift that the operator earns its advantage, and under persistent memberships that it
correctly falls back to the static baseline, retrieving it on static graphs. Holding both
models to the same GCN encoder is what allowed this comparison: since the encoder,
the receptive field, and every shared hyperparameter are identical, the separation ob-
served at 7 < 1 is produced by the operator itself — Hawkes reweighting followed by
Laplacian normalization — rather than by additional representational capacity. More
expressive encoders allow for more complex message-passing schemes, which may im-
prove performance on both models; but regardless of the encoder employed, the relative
advantage of LMoN over DMoN is expected to persist as long as the temporal signal is
informative about the target partition. Lastly, note that other (structural) operators may
still outperform both neural models in some evaluated regimes, as discussed next.

7.2.3 Ablation study and comparison with spectral baseline

By disabling one component at a time and holding the encoder and all hyperparameters
fixed, the ablation study reported in Table 7.3 locates the separation observed under drift
in the TADC-SBM experiments within the operator. Two observations follow from it.
First, without the Hawkes reweighting, the model coincides with DMoN on every
metric and at every 7): the mean-membership correction alone (Equation 4.12) confers
no advantage, so disabling the decay recovers the static baseline in practice, as antic-
ipated by the reduction condition where A approximates A (Section 7.1.3). The gain
under drift is therefore attributable to the reweighting itself, rather than to the normal-
ization accompanying it — the Hawkes-Laplacian operator is the component that allows
the model to exploit temporal information to improve label-based metrics, being mean-
membership correction an insufficient condition for such improvement to be observed.
Second, fixing the retention rate at its initialization (p = 0.9) recovers only part of that
gain: at intermediate levels of community stability, where the temporal signal is most in-
formative about the target partition, this variant sits between the static baseline and the
full model on the label-based metrics. Attaining the full gain therefore requires learning
the retention rate rather than having it fixed: sharpening the kernel past its initialization
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Dataset Model Accuracy T AMI 1 ARI T Cov. 1 Cond. |
LMoN .894 4+ .004 .766 +£.007 .776 +.009 .4714+.003 .530+.003
LMoNpgjearn  -892£.007 .7614+.013 .7714+.014 469+ .006 .533 £ .005
SBM;=1.00 LMONyodecay -8874.015 .755+.022 .764+.027 .467+.010 .535+.010
DMoN 888 +£.015 .7554+.022 .7654.027 467 +.010 .535+.010
LMoN .249 4+ .014 .056 +£.008 .038 +.006 .192+.002 .810 4 .003
LMoNyojearn  -238 +£.011  .046 +.005 .031+.004 .194 +.002 .807 +.003
SBM,— 75 LMoNjo-decay  -2174.009  .0374.003 .0244+.003 .193+.002 .808 £.002
DMoN 216 £.008  .037+.004 .0244+.003 .193+.002 .808 +.002
LMoN 194 4+ .005 .020+£.004 .012+.002 .183+.002 .818 4 .002
LMoNygjearn  -187£.006 .017+.003 .010+.002 .185+.001 .816 +.001
SBM,— 5 LMoNyo-decay  -1864.005 .0134+.002 .008+.001 .185+4.001 .816+.001
DMoN 186 £.005 .0134+.002 .007 +.001 .185+.001 .816 +.001
LMoN 177 +.005 .009+.002 .005+.001 .180+.001 .821+.001
LMoNygjearn  -174+£.006 .005+.004 .003+.002 .1814.001 .820 4 .001
SBM,—25  LMoNpodeay 177 +.002 .0044.001 .003+.001 .182+.001 .819 +.001
DMoN A774+.002  .004 +.002 .0034.001 .1824+.001 .819 +.001
LMoN .182+.010 .013+.007 .007+.004 .180+.001 .820+.001
LMoNyojearn  -174£.008  .007 +£.004 .004+.002 .181+4.002 .820 4 .002
SBM,—o LMoNpo decay  -169 +.004 .003+.001  .002+.001 .183+.001 .818 +.001
DMoN 169 £.004 .003+.001 .0024+.001 .183 +.001 .818 +.001

Table 7.3: Ablation study of the LMoN model: no-learn fixes the retention rate at p = 0.9; no-
decay omits the Hawkes reweighting entirely, so the operator reduces to the static Laplacian.
The full model and the static DMoN baseline are repeated from Table 7.2 as upper and lower
reference points. Values are mean =+ standard deviation over 5 runs, with highest means in bold.

concentrates edge mass further on the most recent snapshots, so that message-passing
over the reweighted adjacencies resolves the target partition (the last-snapshot ground
truth) against earlier partitions, superposed on the aggregated graph when n < 1.
Moreover, when under drift, the full model attains the lowest coverage and the high-
est conductance among all variants; and the more a variant attenuates decay, the closer it
sits to the static baseline. This reproduces the reversal already observed between LMoN
and DMoN (Table 7.2): as coverage and conductance are computed on the aggregated
graph, a partition tuned to the most recent snapshots sits worse with respect to the
union of all of them. Finally, at n = 1, the variants coincide within variance, since all
node memberships are kept fixed instead (no drift); while at the lowest levels of stability,
all variants operate near chance, so any advantages should not be read as genuine gains.

Comparison with Bethe-Hessian operator

A separate experiment was conducted to evaluate the performance of the spectral clus-
tering pathway presented in Section 5.2, employing a static Bethe-Hessian operator.
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Dataset Model Accuracy 1 AMI 1 ARI T Cov. T Cond. |
S(H) 458 +.005  .241+£.002 .178 £.003  .692+.001  .319+.001
ArxivAl [99] LMoN .539+.023 .291 +.018 .260+.022 .802+.002 .235+.010
DMoN 521 +.014 .298 +.009 .251 £.010 789 4+ .003 .216 +.004
S(H) 206 +£.005 238 +.005 .091 +.003  .764+.005 @ .265+.013
ArxivMath [99] LMoN .323 4+.010 .368 £.006 .196 4+ .005 .884 4+ .003 .114 4+ .003
DMoN  .3194+.013 .368+.009 .193+4+.011 .885+.002 .111 +.003
S(H) .456 +.001 .504 +.000 .305+.001 .313+.000 .682+.000
Brain [141] LMoN 403 +.004 470 £.002  .270+£.002  .293+.001  .720+£.001
DMoN  .3334+.037 .3974+.033 .233+.034 .5254+.040 .724 4 .040
S(H) 268 +£.002  .107+.001  .080 4+.001  .645+.011  .377 4+ .006
Dblp [209] LMoN 392 £+ .021 .290 £.013 172 4+ .009 .819 4 .004 178 +£.004
DMoN .394+.019 .293+.020 .179+.015 .821+.003 .177+.004
S(H) 496 +£.034 .289+.035 .255+.068 .986+.008 .022+.014
Patent [68] LMoN 360 +£.040 181 +.031  .1374+.039  .997+.002  .004 4 .002
DMoN  .390+.065 .2234+.080 .175+.080 .998 +.001 .003 +.001
S(H) .5014+.000 .107+£.000  .1004+.000 .895+.000  .117 4 .000
PubMed [146] LMoN .6224.001 .2084+.003 .1924.003 .926 +.000 .080 4 .000
DMoN .622+.001 .216+.001 .196+.001 .922+4+.001 .084 +.001
S(H) 788 +£.003  .782+.004 .678+.005 .891+.002 .126 4+ .002
School [106] LMoN 981 4+.003  .959+.007  .956 +.008  .933+.001  .072 4 .001
DMoN .993 +.002 .986 +.004 .984+ .004 .935+.000 .070=+.001
S(H) 1.000 +.000 1.000 + .000 1.000 +.000 .558 +.000 .442+ .000
SBM;)=1.00 LMoN 894 4+.004  .766 +.007 .776 +.009  .471+.003  .530 4+ .003
DMoN  .8884.015 .7554.022 .7654.027  .467 +£.010 .535+.010
S(H) 454 +.001 .158 £.001 .141+.001 .295+.000 .705+.000
SBM,,— 75 LMoN 249+ .014  .056+£.008 .038£.006 .192+.002  .810+.003
DMoN  .216 +£.008  .037 4+.004 .024 +.003  .193 +.002  .808 % .002
S(H) .202+£.003 .026 +£.002 .016+.001 .2124+.001 .788+.001
SBM,,— 5 LMoN 194+ .005  .020+.004 .012+.002 .183+.002 .818 +.002
DMoN  .186+.005 .013+4.002 .007+.001 .1854.001  .816 =+ .001
S(H) 192 +.009 .015+.003 .010+.002 .205+.001 .796+.000
SBM,— 25 LMoN A774+.005 .009+.002 .0054+.001 .180+.001  .8214.001
DMoN  .1774+.002 .004 +.002 .003 +.001  .182+.001  .819+.001
S(H) 190 £.011 .020+£.003 .012+.002 .203+.001 .798 4+ .001
SBM,;—o LMoN 182+ .010  .013+£.007 .007+£.004 .180+.001  .820+.001
DMoN  .1694+.004 .0034+.001 .0024.001 .1834.001 .818 4+.001

Table 7.4: LMoN and DMoN versus spectral clustering on the Bethe-Hessian operator on the
aggregated graph, denoted S(H). Real-world datasets have fixed community memberships, while
synthetic graphs are evaluated against last-snapshot ground truths. Values are mean =+ standard
deviation over 5 runs. Highest means in bold; arrows indicate higher/lower value preference.
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Both neural models and the spectral baseline are evaluated on the same datasets as
the previous experiments, with results reported in Table 7.4. On the synthetic graphs,
the spectral baseline leads on every metric at every 7, and recovers the last-snapshot
ground truth exactly at = 1: neither neural model matches it, with or without temporal
reweighting, although at < .5 they all operate near chance; This is consistent with the
argument that principled algorithmic methods for community detection may outperform
neural network-based approaches, and the evaluated regime is the one that favors it
the most: TADC-SBM graphs are sparse and generated from a block structure that the
operator is asymptotically optimal for, even while their attribute features are mostly well
separated around the community centroids (Figure 5.3). In the experiments performed,
the encoder does not translate this partial signal into an improvement over the spectral
pathway: the temporal operator improves on the static neural baseline under drift, but
still underperforms compared to an optimal operator on the aggregated (static) graph.

This behavior, however, reverses on most of the real-world datasets, where the gener-
ative assumptions of the operator no longer hold true — as the Bethe-Hessian (Eq. 2.12)
in SBM regimes is detectability-optimal [152] with proper selection of the regularizer
r &~ /d, where d is the average degree of the graph. The spectral baseline leads on
label agreement only on Brain and Patent, and only partially in both cases: on Brain
it retains the best accuracy, AMI and ARI, while DMoN attains the highest coverage;
and on Patent the neural models attain near-saturated coverage and conductance, while
agreeing less with the reference labels — therefore matching partitions that are struc-
turally clean on the aggregated graph, but aligned with a different partition than the
annotated one. Notably, Brain is also the dataset on which the temporal operator deliv-
ers its clearest real-world gain over DMoN (Table 7.1), which narrows but does not close
the distance compared the spectral pathway. On all other real-world datasets instead,
both LMoN and DMoN outperform the spectral baseline on label-based and structural
metrics with resolvable differences, by margins larger than the observed deviations.

Taken together, the comparison delimits where each pathway is preferable, rather
than ranking them globally. Where the structural signal is directly recoverable from the
aggregated topology — as it is by construction on the synthetic graphs, fully at n = 1
and partially under drift, since the target partition is located among those in the super-
posed snapshots — a spectral method exploiting that structure extracts more of it than
the neural pathway with a Laplacian operator recovers, be it with or without temporal
reweighting. Where it is not, and node attributes and degree heterogeneity carry infor-
mation that the spectrum of the aggregate does not expose, the neural pathway leads
on most evaluated datasets. A temporal mechanism such as LMoN therefore confers an
advantage under two further conditions: its inductive bias — recency and persistence
in interaction history — must track information genuinely absent from the static signal,
and its encoder must be paired with node features informative enough to exploit jointly
with that structure. The gain it delivers over DMoN should accordingly be read as a gain
over a neural baseline, which is not in every regime the best available static method —
while the spectral pathway is, likewise, not the best available method in every regime.
The two pathways may therefore be read as complementary, rather than strictly com-
parable, and the choice between them should be informed by the characteristics of the
graph at hand, as the no free lunch theorem states: no single method is expected to be
optimal across all regimes, and the best available method may differ between datasets.
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Conclusions

This thesis has explored the intersection of temporal graph learning and community
detection, presenting novel methodologies that advance the state of the art by bridging
network science and machine learning, while also contributing to practical applications
through free and open-source software development and benchmarking frameworks.
Departing from a question at the intersection of these two literatures — whether
learning on graphs and community detection reinforce one another, compete, or prove
largely orthogonal in practice — this research has shown that the answer is contingent
on the regime of temporal stability and attribute alignment, here analyzed through the
lens of spectral theory. Although graph neural networks have reached the state of the
art across many graph-related tasks, their advantage over established descriptive and
inferential clustering algorithms [135] remains far less settled [102], particularly under
joint demands of computational efficiency and real-world recovery accuracy [131].
This work’s neural contribution, LMoN, was designed to exploit spatio-temporal and
attribute information for community detection tasks. On evaluated real-world datasets,
its advantage over the static baseline was resolvable outside variance on a single dataset
— where interaction history is genuinely informative about the target partition — while
its performance coincided within variance on the other instances. Meanwhile, on syn-
thetic TADC-SBM graphs [129], LMoN yielded consistent improvements, with an abla-
tion attributing them to the learned Hawkes-Laplacian operator. Yet, a principled spec-
tral method applied to the aggregated graph still matched or exceeded the neural models
on every synthetic graph, while also outperforming them on two real-world cases.
These findings amount to further evidence for the argument this thesis advances
throughout — that a (temporal) neural mechanism confers an advantage only when its
inductive bias is able to exploit information genuinely absent from the aggregated (static)
signal. In non-attributed graph regimes, algorithmic methods remain the most appro-
priate choice, and the decisive obstacle is their scalability rather than their accuracy —
to which this research contributed with GPU-accelerated extensions and open-source
implementations of spectral and modularity-based methods. For neural models, their
strength falls onto the attributed regime that, e.g., algorithmic spectral and modular-
ity [116] methods only seldom exploit at scale; and even there, their gains are clearest
where structural, attribute, and temporal signals align, rather than as a universal advan-
tage [135] — as the 'no free lunch’ theorem states for many optimization problems —
compounded, in the case of community detection, by the ill-defined notion of ground
truth [131], community structures [44], and the limits of detectability [51] itself.
It was empirically shown that Laplacian operators fall short of such limits, while non-
backtracking (Hashimoto-type) operators retain informative spectrum even when the
spatial signal becomes weak due to influence of temporal dynamics. Given this bound-
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ary condition — that neural gains are contingent on signal alignment rather than uni-
versal — this research’s most consequential contribution was to make the algorithmic
route tractable at scale: GPU-accelerated formulations of Leiden-based modularity op-
timization and spectral clustering, built on the NVIDIA RAPIDS (cuGraph) ecosystem
over a sparse supra-adjacency representation [147]. Against a CPU reference under an
equal-work budget, the GPU-based Lieden backend for modularity optimization attained
speedups of up to roughly three orders of magnitude, depending on graph density and
snapshot count. For the largest graphs instead, the effect is a change in tractability, as
temporal graphs that exceed practical time limits on CPU may be processed on GPU de-
vices, employing the same codebase and data processing workflows. Exposed as a zero-
code-change backend of the NetworkX-Temporal library [128], moving from a CPU- to a
GPU-based pipeline is made possible by changing a single environment variable, turning
it into an efficient clustering primitive for downstream tasks such as graph pooling.

However, the spectral case is non-trivial on GPUs: it has been shown that acceler-
ated eigensolvers are currently restricted to symmetric (positive or Hermitian) opera-
tors, whereas the non-backtracking matrix that attains the detectability threshold on
temporal graphs is by construction asymmetric, as it propagates information along di-
rected edges respecting the arrow of time. Escaping this asymmetry by reformulating the
eigenproblem was then proposed: solving the symmetric Bethe-Hessian, whose negative
eigenvalues may recover the informative, out-of-bulk directions of the non-backtracking
operator [152], provided its regularization parameter is appropriately chosen. However,
its full characterization for the temporal Bethe-Hessian, in order to ensure that this prop-
erty holds, remains an open problem — conjectured to depend on temporal coupling
strength, number of snapshots, and degree heterogeneity of the supra-graph [29].

Notably, the development of this theoretical footing, as well as the methodological
counterpart of building efficient eigensolvers for asymmetric matrices, is notably of in-
terest beyond community detection itself — such as for causal learning applications
[142]. A number of works have shown how the timing and ordering of links shapes
the causal topology of networked systems, i.e. which nodes can possibly influence each
other over time. However, learning on large-scale graphs that encode such temporal
dependencies is computationally expensive — to which a standard response may be
coarse-graining it in a way that preserves the relevant causal structure [59]. An opera-
tor grounded in detectability theory, whose temporal supra-graph preserves community
identities across time, may therefore offer a principled pooling primitive for such tasks.

This work therefore identifies two complementary directions for future research. The
first is neural: improving differentiable temporal pooling by grounding it in detectability
theory — principled rather than heuristic — while retaining its block-pooling form. The
second is algorithmic: GPU eigensolvers for asymmetric (directed) matrices, dispens-
ing with the symmetric reformulation entirely and enabling the asymptotically optimal
non-backtracking operator to be employed at scale [51]. Underlying both is a question
for machine learning and network science: whether community structure is an adequate
basis for pooling, especially when the downstream task depends on temporally ordered
dependencies rather than co-membership alone. Characterizing when community-based
pooling preserves these relevant dynamics in the attributed graph regime is, in this re-
search’s conclusion, an open problem that future work may first strive to answer, and
the one toward which future efforts departing from this thesis may be directed.
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