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1. Problem
Introduction and objectives

- Many real-world systems can be appropriately represented as networks or graphs.

- Elements are nodes, connections are edges – often mathematically constructed as matrices.

- But the systems we observe are rarely fixed (static) in time; instead, they change or evolve.

- A temporal network can be modeled as a dynamic graph – with time-varying nodes and edges.

[0] “Seven Bridges of Königsberg”. Wikipedia.
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- Our problem: how to efficiently cluster nodes (detect communities) in dynamic graphs?

- SOTA: node clustering is performed with algorithms (descriptive/inferential) or neural models.
(Neural models are usually preferred when the graph carries additional metadata information.)

- Algorithms: descriptive (e.g., modularity-based) or inferential (stochastic block models).

- Neural models: graph neural networks (which mostly fall into the descriptive realm).

- Several algorithms and models have been adapted from static to dynamic graph settings.

- We here focus on the widely employed modularity function [1, 2] for community detection, and 
implement an additional pathway for spectral clustering on different graph (matrix) operators.

[1] Newman, M (2006). Modularity and Community structure in networks. PNAS.
[2] Mucha, P. et al. (2010). Community Structure in Time-Dependent, Multiscale, and Multiplex Networks. Science.



2. Challenges
Current (new) state of the art

- Researchers analyzing temporal networks today face some tough choices:

- Principled versus tractable: detectability-optimal methods are unfeasible or not scalable.

- CPU bottlenecks: tools supporting the multislice (temporal) modularity model (for truly 
dynamic community detection) are CPU-only and hit severe scaling limits on most graphs.

- Static graph approximations: forcing temporal graphs to flatten into (re-weighted) 2-D 
matrices, distorting the modularity score because it depends on the total sum of edges.

- Post-hoc processing: workarounds that cluster each snapshot and then run additional 
algorithms (so more heuristics) to 'match' communities over time.

- We tackle the two issues above by employing a supra-graph strategy without post-processing.
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adjacency matrix, but an operationalized version of it that is optimal for the given task at hand.
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- Often, graph operations (e.g., random walks and message passing) do not consider the raw
adjacency matrix, but an operationalized version of it that is optimal for the given task at hand.

- Most commonly, the normalized Laplacian operator is used, including for spectral clustering.

- Likewise, for temporal graphs, we may build a similar operator by constructing a supra-graph.
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2.5. Intermezzo
Supra-graph (temporal) operators

Lnorm =→ …
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2.5. Intermezzo
Graph operators and the Laplacian

- Often, graph operations (e.g., random walks and message passing) do not consider the raw
adjacency matrix, but an operationalized version of it that is optimal for the given task at hand.

- Most commonly, the normalized Laplacian operator is used, including for spectral clustering.

- Likewise, for temporal graphs, we may build a similar operator by constructing a supra-graph.

- However, the Laplacian is not detectability-optimal for node clustering tasks.

- The symmetric normalization of the operator introduces a D½ scaling that requires an 
additional (heuristic) row-normalization step to correct for high node degree heterogeneity.
 

(In practice, the graph’s algebraic connectivity – Fiedler value – changes, so its informative 
eigenvalues are skewed in most scale-free graphs → real-world systems, e.g., airport traffic.)

- But other operators may be used that are could be optimal for temporal graph clustering…

☹



2.5. Intermezzo
Supra-graph (temporal) operators

- The temporal non-backtracking (Hashimoto-type) operator is detectability-optimal…

- …but requires an asymmetric sparse eigensolver, which to date is not implemented on GPUs.

- Its surrogate, the Bethe-Hessian   , is also detectability-optimal 
and maps the (informative, out-of-bulk) eigenvalues of B to its negative eigenvalues…

- …but only if the regularizer r correctly accounts for both      and       (if r = 1 → H = Laplacian).

: temporal coupling
: spatial coupling

☺

☹

☺
☹



2.5. Intermezzo
Modularity optimization

- Modularity is a ‘quality’ function of the ‘goodness’ of a graph partitioning, which measures the 
proportion of edges within communities against the expected amount in a null (random) graph:

- It has since been adapted to temporal graphs as well, such as the multislice modularity variant:

- Multislice modularity employs a per-slice null model (vs. global). A spectral variant also exists.

s,r: snapshots (slices)
μ: intra + inter-slice edges
ω: inter-slice weight param

i,j: nodes d: degree
m: total edges in graph
c: community/cluster
   : resolution param



2.5. Intermezzo
Modularity optimization with Leiden

- Leiden [3] is a refinement over Louvain [4] for 2-step greedy optimization of, e.g., modularity.

[3] Traag, V. et al. (2019). From Louvain to Leiden: guaranteeing well-connected community. Scientific Reports.
[4] Blondel, V. et al. (2008). Fast unfolding of community in large networks. Journal of Statistical Mechanics: Theory and Experiment.
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2.5. Intermezzo
Modularity optimization with Leiden

- Leiden [3] is a refinement over Louvain [4] for 2-step greedy optimization of, e.g., modularity.

[3] Traag, V. et al. (2019). From Louvain to Leiden: guaranteeing well-connected community. Scientific Reports.
[4] Blondel, V. et al. (2008). Fast unfolding of community in large networks. Journal of Statistical Mechanics: Theory and Experiment.

Level 1 (node aggregation and refinement)

Level 2 (supra-node aggregation and refinement)



3. Contributions
Current (new) state of the art

- We built two pathways for dynamic graph clustering on the  NVIDIA RAPIDS ecosystem:

- Spectral clustering: eigendecomposition and clustering with k-means (CuPy + CuML).

- Modularity optimization: supra-graph optimization with the Leiden algorithm 
(cuGraph).

- We show supra-graph optimization allows for a proxy approximation of temporal modularity 
under a global null model, and discuss its limitations versus spectral and multislice modularity.

- We evaluate our method on several datasets, achieving up to ~978x speedup in one instance.

- Code is open source and integrated in the              NetworkX-Temporal software library.



🔗 
networkx-temporal.org
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4. Demonstration
Quick examples: Library loading

- Zero-code-change GPU acceleration with the environment flag NX_GPU_AUTOCONFIG=1:

- Alternatively, function calls accept a device parameter that may be set to ‘cpu’ or ‘gpu’.

- NVIDIA CUDA devices supported as first-class citizen; support for AMD ROCm is experimental.



4. Demonstration
Quick examples: Spectral clustering – Temporal graph

- Spectral clustering of the Laplacian of a temporal SBM graph example (toy dataset):

- Let’s visualize the results with the ground truths side by side (code for viz available online).





4. Demonstration
Quick examples: Spectral clustering – Static graph

- Support is also implemented for static graphs – a special case of temporal graphs afterall (T=1):



4. Demonstration
Quick examples: Modularity optimization

- Alternatively, to perform heuristic optimization of modularity with the Leiden algorithm:

- The function employs different backends for CPU and GPU devices (leidenalg/cugraph).

- Our experimental results considered the supra-graph with the global null model of modularity.

- But speedups come with a caveat: this proxy optimization shifts the optimal graph partitioning.

- The modularity null model depends on the number of edges m in the graph, which is altered by 
the addition of inter-slice couplings among temporal node copies. Results show it clearly:





4. Demonstration
Quick examples: Modularity optimization

- Alternatively, it is possible to
re-weight the adjacencies of
the graph to compensate for
the increased graph size.

- Coupling all nodes in all slices
and normalizing edge weights
based on their inverse distances
allow to better approximate the
ground truth results, but the
model still underperforms.

- Let’s visualize it against the
results from the CPU baseline:

☺

☹





5. This Future work
Where do we go from here?

- We tackled the two issues below by employing a supra-graph strategy without post-processing.

- Principled versus tractable: detectability-optimal methods are unfeasible or not scalable.

- CPU bottlenecks: tools supporting the multislice (temporal) modularity model (for truly dynamic 
community detection) are CPU-only and hit severe scaling limits on most graphs.

- Static graph approximations: forcing temporal graphs to flatten into (re-weighted) 2-D matrices, 
distorting the modularity score because it depends on the total sum of edges.

- Post-hoc processing: workarounds that cluster each snapshot and then run additional algorithms 
(so more heuristics) to 'match' communities over time.

- Our next work tackles the one issue above: GPU temporal modularity optimization in sparse 
CuPy (AMD/NVIDIA GPUs). We also leave benchmarking our spectral pathway for future work.






